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Abstract. We study nonlinear diffusion problems of the form u t = u xx + f(u) with free bound- 
£SJ ' aries. Such problems may be used to describe the spreading of a biological or chemical species, 

with the free boundary representing the expanding front. For special f(u) of the Fisher-KPP 
type, the problem was investigated by Du and Lin [8]. Here we consider much more general 
nonlinear terms. For any f(u) which is C 1 and satisfies /(0) = 0, we show that the omega limit 
set oj(u) of every bounded positive solution is determined by a stationary solution. For monos- 
■ table, bistable and combustion types of nonlinearities, we obtain a rather complete description 

of the long-time dynamical behavior of the problem; moreover, by introducing a parameter a 
in the initial data, we reveal a threshold value a* such that spreading (limt-joo u = 1) happens 
when a > a", vanishing (limt^oo u = 0) happens when a < a* , and at the threshold value a*, 
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| cj(u) is different for the three different types of nonlinearities. When spreading happens, we 
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make use of "semi- waves" to determine the asymptotic spreading speed of the front. 



1. Introduction 

We consider the following problem 

u t = u xx + f(u), g(t) < x < h(t), t > 0, 

u(t, g(t)) = u(t, h{t)) =0, t > 0, 

g'(t) = -fiu x (t,g(t)), t>0, 

h'(t) = -fiu x (t,h(t)), t>0, 

-g(0) = h(0) = h , u(Q,x) = u (x), -h < x < ho, 

where x = g(t) and x = h(t) are the moving boundaries to be determined together with u(t,x), 
H is a given positive constant, / : [0, oo) — > R is a C 1 function satisfying 

(1.2) /(0) = 0. 

The initial function uo belongs to S£{ho) for some ho > 0, where 

JT {h ) := {</> € C 2 {[-h , ho}) : (j>{-ho) = <f>{h ) = 0, (f)' {-h Q ) > 0, 

0'(/t o )<O, (f>{x) >0in {-h ,h ) }. 

For any given ho > and uo £ X {ho), by a (classical) solution of (jl.ip on the time-interval 
[0,T] we mean a triple {u{t,x), g{t),h{t)) belonging to C^ 2 {G T ) x C^fO,^) x C^fltyT]), such 



(1.3) 
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that all the identities in (jl.ip are satisfied pointwisely, where 



G T :={(t,x):te(0,T], x G [g(t), h(t)}}. 



In the rest of the paper, the solution may also be denoted by (u(t, x; uo), g(t; Uq), h(t; Uq)), or 
simply (u,g,h), depending on the context. 

Problem (jl.ip with f(u) taking the particular form f(u) = au — bu 2 was studied recently in 
[8]. Such a situation arises as a population model describing the spreading of a new or invasive 
species, whose growth is governed by the logistic law. The free boundaries x = g(t) and x = h(t) 
represent the spreading fronts of the population whose density is represented by u(t,x). The 
focus of [8] is on the particular logistic nonlinearity f(u) = au — bu 2 , and many of the arguments 
there rely on this choice of /. 

The logistic f(u) mentioned above belongs to the class of "monostable" nonlinearities, and 
due to the pioneering works of Fisher |12] and Kolmogorov-Petrovski-Piskunov [17], it is also 
known as the Fisher, or KPP, or Fisher-KPP type nonlinearity. As is well-known, in population 
models one often needs to consider a general monostable nonlinear term ([3j|4]). Moreover, to 
include Allee effects, "bistable" nonlinear terms are used in many population models ([151 118j). 
Bistable nonlinearity also appears in other applications including signal propagation and material 
science ( [21], [IJ HO]). Furthermore, in the study of combustion problems the typical f(u) is of 
"combustion" type ([23j [THJ, [25]). A precise description of these different types of nonlinearities 
will be given shortly below. 

The main purpose of this paper is to classify the behavior of (jl.ip for all the types of non- 
linearities mentioned in the last paragraph. Even restricted to the monostable type, this is an 
extension of [8] since we do not require the special form f(u) = au — bu 2 , which implies that 
different methods have to be used. 

The corresponding Cauchy problem 



has been extensively studied. For example, the classical paper [3] contains a systematic investiga- 
tion of this problem. Various sufficient conditions for limj_ s>00 u(t, x) = 1 and for lim^oo u(t, x) = 

are known, and when uq(x) is nonnegative and has compact support, the way u(t, x) approaches 

1 as t — > oo was used to describe the spreading of a (biological or chemical) species, which is 
characterized by certain traveling waves, and the speed of these traveling waves determines the 
asymptotic spreading speed of the species; see for example, [HI [TUl H] . The transition between 
spreading (u —> 1) and vanishing (u — > 0) has not been well understood until recently. In [9], 
motivated by break-through results obtained in [25], a rather complete description of the sharp 
transition behavior was given. As we will see below, these sharp transition results of [9J for f[l .4[) 
also hold for (jl.ip . (Spreading and vanishing are sometimes called propagation and extinction, 
as in [9\.) We will make use of a number of the ideas from [9], and this paper may be regarded 
as an extension of [9]. 



In most spreading processes in the natural world, a spreading front can be observed. In the 
one space dimension case, if the species initially occupies an interval (—ho, ho) with density 
uo(x), as time t increases from 0, it is natural to expect the two end points of (—ho, ho) to 
evolve into two spreading fronts, x = g(t) on the left and x = h(t) on the right, and the initial 
function uo(x) to evolve into a positive function u inside the interval (g(t),h(t)) governed by 
the equation u t = u xx + f(u), with u vanishing at x = g(t) and x = h(t). To determine how the 
fronts x = g(t) and x = h(t) evolve with time, we assume that the fronts invade at a speed that 
is proportional to the spatial gradient of the density function u there, which gives rise to the free 



(1.4) 



u t = u xx + f(u) (x el, t > 0), u(0,x) = uo(x) (x G R ) 
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boundary conditions in (jl.lj) . A deduction of this free boundary condition based on ecological 
assumptions can be found in [5]. 

We notice that the free boundary conditions in (jl.lj) coincide with the one-phase Stefan 
condition arising from the investigation of the melting of ice in contact with water (|22j). Such 
conditions also arise in the modeling of wound healing ([6]). For population models, [19J used 
such a condition for a predator-prey system over a bounded interval, showing the free boundary 
reaches the fixed boundary in finite time, and hence the long-time dynamical behavior of the 
system is the same as the well-studied fixed boundary problem; and in [20], a two phase Stefan 
condition was used for a competition system over a bounded interval, where the free boundary 
separates the two competitors from each other in the interval. A similar problem to (jl.ip but 
with f(u) = vP (p > 1) was studied in jllj, I14j . Since this is a superlinear problem, its behavior is 
very different from (jl.ip considered here as our focus is on the sublinear cases (except Theorem 
11.11 and section 2). Indeed, our interests here are very different from all the previous research 
mentioned in this paragraph. 

We now describe the main results of this paper. Firstly we assume that 

(1.5) f{u) is C 1 and /(0) = 0. 

Then a simple variation of the arguments in [8] shows that, for any ho > and no £ J?T(/io), (jl.lj) 
has a unique solution defined on some maximal time interval (0, T*), T* £ (0,oo]. Moreover, 
g'(t) < 0, h'(t) > and u(t,x) > for t 6 (0,T*), x £ (g(t),h(t)), and if T* < oo then 
maXj.g^tj^jf)] u(t, x) — > oo as t — > T* . Thus lim^oo g(t) and lim^oo h(t) always exist if T* = oo. 
Throughout this paper, we will use the notations 

goo := lim g(t), : = lim h(t). 

t— »oo t— >oo 

T* = oo is guaranteed if we assume further that 

(1.6) f(u) < Ku for all u > and some K > 0. 

A more detailed description of these statements can be found in section 2 below. 

Our first main result is a general convergence theorem, which is an analogue of Theorem 1.1 
in [9]. 

Theorem 1.1. Suppose that (1 1 . 5 j) holds and (u,g,h) is a solution of (jl.ip that is defined for 
all t > 0, and u(t, x) is bounded, namely 

u(t, x) < C for all t > 0, x 6 [g(t), h(t)} and some C > 0. 

Then ((focM^oo) is either a finite interval or (<7oo>^oo) = K ■ Moreover, if (<7oo>^oo) * s a finite in- 
terval, then lim^oo u(t, x) = 0, and if (goo, /loo) = B^ 1 then either lim^oo u(t, x) is a nonnegative 
constant solution of 

(1.7) »« + f(v) = 0, x € R 1 , 
or 

u(t, x) — v(x + j(t)) — > as t — > oo, 

where v is an evenly decreasing positive solution of (jl.7p . and 7 : [0, 00) — > [— ho, ho] is a 
continuous function. 

By an evenly decreasing function we mean a function v(x) satisfying v(—x) = v(x) which is 
strictly decreasing in [0, 00). Let us note that (gocn^oo) can never be a half-infinite interval. In 
fact, we will prove in Lemma 12.81 that 

-2ho < g(t) + h(t) < 2h for all t > 0. 
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We conjecture that lim^oo 7(t) exists but were unable to prove it. 



Next we focus on three types of nonlinearities: 

(fjvf) monostable case, (fg) bistable case, (fc) combustion case. 
In the monostable case (fAf)> we assume that / is C 1 and it satisfies 

(1.8) /( ) = /(l) = 0, /'(0)>0, /'(1)<0, (1 -«)/(«) >0 for «>0,«^1. 

Clearly f(u) = u(l — u) belongs to ^m)- 

In the bistable case (fg), we assume that / is C 1 and it satisfies 

( < in (0,6), 

(1.9) /(0) = f(9) = /(l) = 0, f(u) >0 in (9, 1), 

[ < in (l,oo) 

for some 9 G (0, 1), /' (0) < 0, /' (1) < and 

(1.10) f f{s)ds > 0. 

Jo 

A typical bistable f(u) is u(u — 9)(1 — u) with 9 G (0, |). 

In the combustion case (fc), we assume that / is C 1 and it satisfies 

(1.11) f(u) = in [0,9], f(u) >0in (0,1), /'(l) < 0, /(«) < in [1, oo) 
for some 9 6 (0, 1), and there exists a small <5o > such that 

(1.12) f(u) is nondecreasing in (9, 9 + do). 

Clearly (jl.5p and (jl.6p are satisfied if / is of (fAf), or (fs), or (fc) type. Thus in these cases 
(|l.ip always has a unique solution defined for all t > 0. 

The next three theorems give a rather complete description of the long-time behavior of the 
solution, and they also reveal the related but different sharp transition natures between vanishing 
and spreading for these three types of nonlinearities. 

Theorem 1.2. (The monostable case). Assume that f is of (fjw) type, and ho > 0, no € 3£(h$). 
Then either 

(i) Spreading: (<7oo,^oo) = and 

lim u(t,x) = 1 locally uniformly in Mr, 

t— >oo 

or 

(ii) Vanishing: (<?oo>^oo) ^ a finite interval with length no bigger than it/ y /'(0) and 

lim max n(t, x) = 0. 

t^oo g(t)<x<h(t) 

Moreover, if uq = a<p with (ft G 3t,(ho), then there exists a* = a* (ho, (ft) G [0, oo] such that 
vanishing happens when < a < a* , and spreading happens when a > a* . In addition, 

( =0 if ho >^/(2 V 7 7 (0)), 

a* I G(0,oo] ifko<ir/(2y/f^), 

I, G (0, oo) if ho < it/ (2y/ /'(0)) and ?// zs globally Lipschitz. 
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Theorem 1.3. (The bistable case). Assume that f is of (fe) type, and ho > 0, «o 6 3£{ho). 
Then either 

(i) Spreading: (<7oo,^oo) = M 1 and 

lim u(t,x) = 1 locally uniformly in M , 

t— »oo 

or 

(ii) Vanishing: ( , /i^ ) is a finite interval and 

lim max u(t, x) = 0, 

t^oo g(t)<x<h{t) 

or 

(iii) Transition: (^ooj^-oo) = I^ 1 £/iere exists a continuous function 7 : [0, 00) — > [—ho, ho] 
such that 

lim \u(t, x) — Voo(x + 7(t))| = locally uniformly in M , 

t— >oo 

where Voq is the unique positive solution to 

v" + f(v) = (x G M 1 ), t/(0) = 0, u(-oo) = u(+oo) = 0. 

Moreover, if uq = acf) for some <j) £ %,{Hq), then there exists a* = a*(ho,4>) G (0)°°] swc/i that 
vanishing happens when < a < a* , spreading happens when a > a* , and transition happens 
when a = a* . In addition, there exists Zb > such that a* < 00 if ho > Zb, or if ho < Zb and 
f is globally Lipschitz. 

Theorem 1.4. (The combustion case). Assume that f is of (fc) type, and ho > 0, u E 3£{ho). 
Then either 

(i) Spreading: (<7oo>^oo) = M 1 and 

lim u(t, x) = 1 locally uniformly in Mr, 

t—^oc 

or 

(ii) Vanishing: (sbcu^oo) is a finite interval and 

lim max u(t, x) = 0, 
t^co g(t)<x<h(t) 

or 

(iii) Transition: (#001^00) =M 1 and 

lim u(t,x) = 6 locally uniformly in M . 

t—>oo 

Moreover, if uq = a<p for some <p £ 3t>(ho), then there exists a* = a*{ho,<f>) 6 (0, 00] such that 
vanishing happens when < a < a* , spreading happens when a > a* , and transition happens 
when a = a* . In addition, there exists Zq > such that a* < 00 if ho > Zq, or if ho < Zq and 
f is globally Lipschitz. 

Remark 1.5. The value of a* in the above theorems can be +00 if we drop the assumption 
that / is globally Lipschitz when ho is small. Indeed, this is the case if f(u) goes to —00 fast 
enough as u — > +00; see Propositions 15.41 15.81 and [ 5. 121 for details. The values of Zb and Zc are 
determined by (|4.8p and ([4.9p . respectively. 

Remark 1.6. In [8], to determine whether spreading or vanishing happens for the special 
monostable nonlinearity, a threshold value of fi was established, which was shown in [8] to be 
always finite. Here we use a in no = (J<p as a varying parameter, which appears more natural 
especially for the bistable and combustion cases, since in these cases the dynamical behavior 
of (jl.ip is more responsive to the change of the initial function than to the change of u; for 
example, when ||uo||oo < then vanishing always happens regardless of the value of \i. 



6 



Y. DU AND B. LOU 



Remark 1.7. Theorems 11.31 and 11.41 above are parallel to Theorems 1.3 and 1.4 in [9], where 
the Cauchy problem was considered. In contrast, Theorem ll.2l is very different from the Cauchy 
problem version, where a "hair-trigger" phenomenon appears, namely, when / is of (fju) type, 
any nonnegative solution of (jl.4p is either identically 0, or it converges to 1 as t — > oo (see OH]). 



When spreading happens, the asymptotic spreading speed is determined by the following 
problem 

q zz - cq z + f(q) =0 for z £ (0, oo), 
q(0) = 0, fiq z (0) = c, q(oo) = 1, q(z) > for z > 0. 



(1.13) 



Proposition 1.8. Assume that f is of (Jm)> or (Jb)> or (fc) type. Then for each fi > 0, (|1.13p 

has a unique solution (c,q) = (c*,q*). 

We call q* a "semi- wave" with speed c*, since the function v(t,x) = q*{c*t — x) satisfies 

vt = v xx + f(v) (fel 1 , x < c*t), v(t, c*t) = 0, v(t, -oo) = 1, 

and it resembles a wave moving to the right at constant speed c* , with front at x = c*t. In 
comparison with the normal traveling wave generated by the solution of 

(1.14) q zz - cq z + f{q) = for z 6 R 1 , g(-oo) = 0, q{+oo) = 1, 

the generator q* (z) of v(t,x) here is only defined on the half line {z > 0}. Hence we call it a 
semi- wave. We notice that at the front x = c*t, we have c* = —fj,v x (t,x), namely the Stefan 
condition in (|1.1|) is satisfied by v(t,x) at x = c*t. 

Making use of the above semi-wave, we can prove the following result. 

Theorem 1.9. Assume that f is of (fjw)j or (is), or (Jc) type, and spreading happens. Let c* 
be given by Proposition \1.8l Then 

hmM =lim Z^) =c * ; 

t— >oo t t— >oo t 

and for any small e > 0, there exist positive constants 5, M and Tq such that 

(1.15) max \u(t, x) - 1| < Me~ St for all t > T . 

\x\<(c* —e)t 

Remark 1.10. The asymptotic spreading speed c* depends on the parameter \x appearing in 
the free boundary conditions and in (|1.13|) . Therefore we may denote c* by c* to stress this 
dependence. It is well-known (see, e.g., [3JH]) that when / is of (fju")> or (fg), or (fc) type, the 
asymptotic spreading speed determined by the Cauchy problem (jl.4p is given by the speed of 
certain traveling wave solutions generated by a solution of (|1.14p . Let us denote this speed by 
Co- Then we have (see Theorem 16. 2p : c* is increasing in \i and 

lim c* = Co- 

Remark 1.11. It is possible to show that the Cauchy problem (jl.4p is the limiting problem of 
(jl.ip as fj, — > oo. This holds in much more general situations; see section 5 of [7] for the general 
higher space dimension case. 



The rest of the paper is organized as follows. In section 2, we present some basic results which 
are fundamental for this research, and may have other applications. Here we only assume that / 
is C 1 and /(0) = 0, namely (jl.5p holds. The proofs of some of these results are modifications of 
existing ones. Firstly we give two comparison principles formulated in forms that are convenient 
to use in this paper. Secondly we explain how the arguments in [8] can be modified to show the 
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uniqueness and existence result for (jl.ip under (11. 5p . Thirdly we give the proof of Theorem 11.11 
This is based on a key fact proved in Lemma [2 .8\ which says that the solution is rather balanced 
in x as it evolves with time t, though it is not symmetric in x in general. The rest of the proof 
largely follows the approach in [9]. 

In section 3, for monostable, bistable and combustion nonlinearities, we give a number of 
sufficient conditions for vanishing (see Theorem I3.2H . through the construction of suitable upper 
solutions. 

In section 4, we obtain sufficient conditions for spreading for the three types of nonlinearities. 
This is achieved by constructing suitable lower solutions based on a phase plane analysis of the 
equation 



over a bounded interval [0, Z], together with suitable conditions at the ends of this interval. 

Section 5 is devoted to the proofs of Theorems 11.21 [L3l and [L4"l with the proof of each theorem 
constituting a subsection. The arguments here rely heavily on the results in the previous sections. 
The proof of the fact mentioned in Remark 1.5, namely a* = +oo when /(it) goes to — oo fast 
enough, is rather technical, and is given in subsection 5.4. 

Proposition 11.81 and Theorem 11.91 are proved in section 6, the last section of the paper. In 
subsection 6.1, we prove Proposition 1 1 . 81 by revisiting the well-known traveling wave solution with 
speed Co (the minimal speed for monostable type nonlinearity, and unique speed for nonlinearity 
of bistable or combustion type). Our phase plane analysis is related to but different from that 
in 0H]. This alternative method leads to the desired semi- wave naturally; see Remark 6.3 for 
further comments. Subsection 6.2 is devoted to the proof of Theorem 11.91 



In this section we give some basic results which will be frequently used later in the paper. 
The results here are for general / which is C 1 and satisfies /(0) = 0. 



Lemma 2.1. Suppose that jL5]) holds, T G (0,oo), g,h G C l ([0,T}), u G C{D T ) n C^ 2 {D T ) 
with D T = {(t,x) G R 2 : < t < T,g(t) < x < h{t)}, and 



g{t)>g(t), h(t) < h(t) in (0,T] ; 

u(x, t) < u(x, t) for t G (0, T] and x G (g(t),h(t)). 

Lemma 2.2. Suppose that JT5D holds, T G (0,oo), g,he C 1 ([0,T]), u G C(D T ) D C l > 2 {D T ) 
with D T = {(t,x) G R 2 : < t < T,g(t) < x < h(t)}, and 



q"-cq' + f(q) = 



2. Some Basic Results 





< 



u t > u xx + f(u) 

U > It, 



< t < T, g(t) < x < h(t) 
0<t<T, x = g(t), 

fM x , < t <T, x = h(t), 



k 5 = 0, h\t) > 



with 



g(t)>g{t) in [0,T], 



ho < h(0), uq(x) < u(0,x) in \g(0),ho] 
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where (u,g,h) is a solution to (II. ip . Then 

h(t) < h(t) in (0, T], u(x, t) < u(x, t) for t G (0, T] and g(t) < x < h(t). 

The proof of Lemma |2. II is identical to that of Lemma 5.7 in [8], and a minor modification of 
this proof yields Lemma 12.21 

Remark 2.3. The function u, or the triple (u,~g,h), in Lemmas 12.11 and 12.21 is often called 
an upper solution to (jl.ip . A lower solution can be defined analogously by reversing all the 
inequalities. There is a symmetric version of Lemma 12.21 where the conditions on the left and 
right boundaries are interchanged. We also have corresponding comparison results for lower 
solutions in each case. 

The following local existence result can be proved by the same arguments as in |8] (see 
Theorem 2.1 and the beginning of section 5 there). 

Theorem 2.4. Suppose that (|1.5p holds. For any given uq G &(ho) and any a G (0,1), there 
is a T > such that problem (jl.ip admits a unique solution 

(u,g,h) G C (1+a)/2 ' 1+a (G T ) x C 1+a/2 ([0,T]) x C 1+a/2 ([0,T}); 

moreover, 

(2-1) |M|(7(i+a)/2,i+<*(G T ) + llfl'llc 1 + Q / 2 ([0,T]) + INIc 1 + Q / 2 ([0,T]) — C> 

where Gt = {(t,x) G M 2 : x G [g(t),h(t)],t G (0,T]} ; C and T only depend on ho, a and 

\\ u o\\cH[~h M)])- 

Remark 2.5. As in [8j, by the Schauder estimates applied to the equivalent fixed boundary 
problem used in the proof, we have additional regularity for u, namely, u G C 1+a / 2 ' 2+a (Gt) ■ 

Lemma 2.6. Suppose that (|1.5p holds, (u,g,h) is a solution to (|l.ip defined for t G [0,Tq) for 
some Tq G (0,oo) ; and there exists C\ > such that 

u(t,x) < Ci for t G [0,T ) and x G [g(t),h(t)}. 

Then there exists Ci depending on C\ but independent of To such that 

-g'(t),h'(t) G (0,C 2 ] for t G (0, To). 

Moreover, the solution can be extended to some interval (0,T) with T > Tq. 

Proof. Since / is C 1 and /(0) = 0, there exists K > depending on C\ such that f(u) < K for 
u G [0, C\\. We may then follow the proof of Lemma 2.2 of [8] to construct an upper solution of 
the form 

w(t, x) = Ci [2M(h(t) - x) - M 2 (h{t) - x) 2 ] 

for some suitable M > 0, over the region 

{(t, x) : < t < T , h(t) - M" 1 < x < h(t)} 

to prove that h'(t) < C 2 for t G (0,T ). The proof for g'(t) > -C 2 is parallel. 
Thus, for te[0,T ), 

-g(t), h(t) G [ho, h + C 2 t], -g'(t),h'(t) G (0, C 2 }. 

We now fix 5o G (0,To). By standard LP estimates, the Sobolev embedding theorem, and the 
Holder estimates for parabolic equations, we can find C3 > depending only on <5o, To, C\, 
and C 2 such that | \u(t, -)| \c 2 ([g(t),h(t)]) ^ C3 for t G [<5o,To). It then follows from the proof of 
Theorem 12.41 that there exists a r > depending on C3, C 2 , and C\ such that the solution of 
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problem (11. ip with initial time Tq — r can be extended uniquely to the time Tq + t. (This is 
similar to the proof of Theorem 2.3 in |S].) □ 

The above lemma implies that the solution of can be extended as long as u remains 

bounded. In particular, the free boundaries never blow up when u stays bounded. We have the 
following result. 

Theorem 2.7. Suppose that f)1.5|) holds. Then (jl.ip has a unique solution defined on some 
maximal interval (0,T*) with T* G (0, oo]. Moreover, when T* < oo, we have 

lim max u(t,x) = oo. 

t^T* xG[g(t)Mt)} 

If we further assume that (jl.6p holds, then T* = oo. 

Proof. We only need to show that T* = oo if (jl.6p holds; the other conclusions follow directly 
from Theorem 12.41 and Lemma 12.61 

Comparing u(t,x) with the solution of the ODE 

v t = f(v), v(0) = ||«o||oo, 

we obtain u(t,x) < v(t) < \\uo\\ooG Kt , since f(v) < Kv. In view of Lemma l2.6( we must have 
T* = oo. □ 

The rest of this section is devoted to the proof of Theorem ll.il We need a lemma first. 

Lemma 2.8. Suppose that (u(t,x),g(t),h(t)) is a solution of (jl.ip as given in Theorem li.il 
Then 

(2.2) - 2h < g(t) + h(t) < 2h for all t > 0, 

(2.3) u x (t, x) > > u x (t, y) for all t > 0, x £ [g(t), —ho] and y G [ho, h(t)]. 
Proof. By continuity, g{t) + h(t) > —2ho for all small t > 0. Define 

T := sup{s : g(t) + h(t) > -2h for all t G (0, s)}. 
We show that T = +oo. Otherwise T is a positive number and 

g(t) + h(t) > -2h for t £ (0,T), g(T) + h(T) = -2h . 

Hence 

(2.4) g'(T) + h'(T) < 0. 
We now derive a contradiction by considering 

w(t, x) := u(t, x) — u(t, —x — 2ho) 

over the region 

G := {{t,x) : t G [0,T], g(t) < x < -ho}. 

Since —ho < —x — 2ho < —g(t) — 2ho < h(t) when (t, x) G G, w is well-defined over G and it 
satisfies 

wt = Wxx + c(i, x)tf for < t < T, g(t) < x < —ho, 
with some c G L°°(G), and 

w (t, -h ) = 0, g(t)) < for < t < T. 

Moreover, 

w(T, g{T)) = u(T, g(T)) - u(T, -g(T) - 2h ) = u(T, g{T)) - u{T, h{T)) = 0. 
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Applying the strong maximum principle and the Hopf lemma, we deduce 

w(t,x) < for < t < T and g(t) < x < -h , and w x {T,g{T)) < 0. 

But 

w x (T,g(T))=u x (T,g(T))+u x (T,h(T)) = -[g'(T) + h , (T)]/ f i. 

Thus we have 

g'(T) + h'(T)>0, 

a contradiction to (|2.4p . This proves that g(t) + h(t) > —2ho for all t > 0. We can similarly 
prove g(t) + h(t) < 2ho by considering 

v(t, x) := u(t, x) — u(t, 2/io — x) over {(i, x) : t > 0, ho < x < h(t)}. 

With (|2.2[) proven, it is now easy to prove (|2.3|) . For any fixed I E (goo, — ho], we can find a 
unique T > such that <?(T) = ^. We now consider 

z(t, x) := u(t, x) — u(t, 2£ — x) 

over Gi := {(t, x) : t > T,g(t) < x < £}. We have 

zt = z xx + c(t,x)z in G^, 

z(t,g(t)) < and z(M) = for t > T. 
Hence we can apply the strong maximum principle and the Hopf lemma to deduce 

z(t,x) < in G e , z x (t,£) > for t > T. 

Since 

z x (t,£) = 2u x (t,£), 

we thus have 

u x (t,g(T)) > for t > T. 

Now for any t > and x E (g(t), —ho], we can find a unique T E [0, t) such that x = g(T). 
Hence u x (t, x) > 0. This inequality is also true for x = g(t), which is a consequence of the Hopf 
lemma applied directly to (jl.ip . 

The proof for the other inequality in (|2,3p is similar. □ 

Proof of Theorem ll.lt We will make use of Lemma 12.81 and then follow the ideas of [9j with 
suitable variations. 

Let (u, g, h) be as given in Theorem ll.il Then in vi6w of Lemma, 12.81 Iqq ; — (<?oo i 

/loo ) is either 

a finite interval or R 1 . Denote by oj(u) the w-limit set of u(t, •) in the topology of Lf^^Ioo). Thus 
a function w(x) belongs to uj(u) if and only if there exists a sequence < t\ < t% < £3 <•••—> 00 
such that 

(2.5) lim u(t n ,x) = w(x) locally uniformly in 1^. 

n— >oo 

By local parabolic estimates, we see that the convergence (12. 5h implies convergence in the 
Cf oc (Ioo) topology. Thus the definition of uj(u) remains unchanged if the topology of L^ c (Ioo) 
is replaced by that of C^^/oo). 

It is well-known that oj(u) is compact and connected, and it is an invariant set. This means 
that for any w E uj(u) there exists an entire orbit (namely a solution of Wt = W xx + f(W) 
defined for all t E M 1 and x E loo) passing through w. Choosing a suitable sequence < t\ < 
t2 < t'i < • • • — > 00, we can find such an entire solution W(t, x) with 1^(0, x) = w(x) as follows: 

(2.6) u(t + t n , x) — > W(t, x) as n — > 00. 
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Here the convergence is understood in the Lf£ c sense in (t, x) G R 1 x J^, but, by parabolic 
regularity, it takes place in the C l ^ c (M} x 1^) sense. 

For clarity we divide the arguments below into four parts, each proving a specific claim. 
Claim 1: cj(u) consists of solutions of 

(2.7) v xx + f(v) = 0, xeloo. 

Let w{x) be an arbitrary element of u(u) and W(t, x) the entire orbit satisfying W(0, x) = 
w(x). Since W is a nonnegative solution of 

W t = W xx + f(W), teR^e/oc, 

and /(0) = 0, by the strong maximum principle we have either W(t,x) > for all t 6 K 1 
and x G loo, or W = 0. (Note that if /qo is a finite interval, then it can be shown that 
Wfagoo) = W(t,hoo) = for all t G R 1 .) In the latter case we have w = 0, which is a solution 
to (|2.7p . In what follows we assume the former, namely w > 0. 

By Lemma \2JS[ we see that w/(a;) > for x G ((700, — /io] and 11/ (x) < for x G [/io, ^oo)- Thus 
there exists xo G (—ho, ho) such that u>'(xo) = 0, w(xo) = ||w||oo > 0. 

Let v(x) be the solution of the following initial value problem: 

v" + f(v) = Q, v(x ) = w(x ), v'(x )=0. 

Then v is symmetric about x = xq. Since w(xq) > 0, v is either a positive solution of (|2.7p in 
R 1 or a solution of (|2.7p with compact positive support, namely there exists Rq > such that 

v(x) > in (xo — Ro,xo + Rq), v(xq ± i?o) = or f (xo ± Rq) = 00. 

We may now follow the argument in the proof of Lemma 3.4 in [9j (with obvious minor variations) 
to conclude that w = v. This proves Claim 1. 

Claim 2: If 1^ is a finite interval, then oj(u) = {0}. 

Otherwise by Claim 1, oj(u) contains a nontrivial nonnegative solution v of the problem 

v X x + f(v) = in loo, v(goo) = vih^) = 0. 

Due to f(0) = 0, by the strong maximum principle and the Hopf lemma, we have v > 
in loo and 1/(^00) > > t/(/ioo). By definition, along a sequence t n — > +00, u(t n ,x) — > 
v(x) in C/ oc (-^oo)- We claim that there exists a > so that, by passing to a subsequence, 
||it(i n , •) — v(-)^\c 1 + a ([g{t n ), h(t n )\) ~ * as n — > 00. Indeed, if we make a change of the variable x to 
reduce [g(t),h(t)] to the fixed finite interval [—ho, ho] as in the proof of Theorem 2.1 of [8], so 
that the solution u(t,x) is changed to u(t,x), and v(x) is changed to v(x). Then we can apply 
the IP estimates (and Sobolev embeddings) on the reduced equation with Dirichlet boundary 
conditions to conclude that u(t + •) has a common bound in C^> 1+1/ ([0, 1] x [-ho, h )) for all 
t > 1, say 

Hence by extraction of a subsequence we may assume that u(t n ,x) — > V(x) in C 1+ 2 ([— ho, ho)). 
But from u[t n ,x) — > v(x) we know that u(t n ,x) — > v(x). Thus we necessarily have V(x) = v(x), 
and thus |Ki n , •) - v(-)\\ cl+ » Mtn)Mtn)]) -> 0. 
It follows that 

^'(*n) = -iJLU x (t n ,h(t n )) -fiv'ihoo) > as n -)■ 00. 
Hence for all large n, say n > n,Q, 

h'{t n ) >5:= -^/(M/2 > 0. 
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On the other hand, from (|2.8p . we also deduce that 

\Ht+;-)\\ <d Vi>l, 

with Q t := {(s,x) : s G [0, l],#(i + s) < x < h(t + s)}. It follows that h'(t) = -fiu x (t,h(t)) is 
uniformly continuous in t for t > 1. Therefore /i'(i) > (5/2 for i G [^n,in + e] and n > no for 
some e > sufficiently small but independent of n (we may assume without loss of generality 
that t n +i — i n > 1 for all n). Since h'(t) > for all t > 0, we thus have 

/•t„+e 

h oo >h + E^ =no / fc'(t)dt = +oo, 
»/ t n 

a contradiction to the assumption that 1^ is a finite interval. The proof of Claim 2 is now 
complete. 

Claim 3: If 1^ = M 1 , then a; (it) is either a constant or u(u) = {v(- + o) : a G [ot\, 02]} for some 
interval [0:1,02] C [—ho, ho], where v is an evenly decreasing positive solution of (|2.7|) . 

In view of Lemma 12.81 we only need to consider the case that Too = R 1 and oj(u) is not a 
singleton. Then since u(u) is connected and compact in the topology of Cj^R 1 ), and every 
function w(x) in u{u) achieves its maximum at some xq G [— ho, ho], we find that there exist 
< 7 _ < 7 + such that oj{u) consists of solutions v a ^ ((3 G [^~,j + ],a G [o^of]) of (I2.7P 
satisfying 

v a ,p{x) = vp{x + a) (a e[aq_,a%]), 

II^IU =vp(0) =P, t^(0) = 0, [4,4]G[-hoM (/3G [ 7 ~,7 + ])- 

Thus each v a ^ is either a constant or a symmetrically decreasing solution of (]2.7p . If 7" < 7 + , 
then we may use vp (/3 G [7~,7 + ]) to deduce a contradiction in the same way as in section 3.3 
of [9]. Thus 7~ = 7 + . Let Vb(aj) be the unique solution of (|2.7p satisfying 

y(o) = 7 -, y'(o) = 0. 

If Vb is a constant, then clearly uj{u) = {Vo}. Otherwise Vb is an evenly decreasing positive 
solution of (I2.7p . and w(u) = {Vb(- + a) : a G [01,02]}, [01,02] C [— ho, ho]. 

Claim 4: If ui{u) = {Vq{- + a) : o G [01,02]} for some interval [01,02] C [— ho, ho], then there 
exists a continuous function 7 : [0,oo) — > [—ho, ho] such that 

u(t, x) — Vq(x + 7(i)) — > as i — >• 00 locally uniformly in R . 

Write w(t,x) = u x (t,x). Then 

wt = w xx + f(u(t,x))w for i > 0, x G (g(t),h(t)), 

and w(t,g(t)) > 0, u;(i, /i(i)) < for all i > 0. Therefore by the zero number result of [2], for all 
large i, say t >T, w(t, x) has a fixed finite number of zeros, all nondegenerate. Denote them by 

xi(t) < x 2 (t) < ... < x m (t) (m > 1). 

Then each Xj(i) is a continuous function of t. Due to Lemma f2,8t we must have — ho < Xi(t) < ho 
for i = l,...,m and t > T. We show that m = 1. For fixed o G [01,02] C [— /io,/io]> since 
Vo(- + o) G uj(u), there exists i ra — > 00 such that u(t n ,x) — > Vo(x + o) in Cf oc (M. ). Since 
V^'(x + o) has a unique nondegenerate zero x = —a G [— /10,/ioL we find that for all large n, 
w(t n ,x) = u x (t n ,x) has in [— 2ho,2ho] a unique nondegenerate zero o n near —a. By Lemma 
I2.8( we necessarily have a n G {—ho, ho). On the other hand, we know that xi(i n ), x m (t n ) are 
all the zeros of w(t n ,x) in [— ho, ho]. Thus we must have m = 1 and xi(i n ) = o n . This proves 
m = 1. 
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Define 7(i) = — x\{t) for t >T, and extend "f(t) to a continuous function for t G [0,T] such 
that 7(t) G [— /io, ^o] fo r an We prove that 

u(t, x) — Vq(x + r y{t)) — > as t — > oo locally uniformly in R 1 . 

Otherwise we can find t n — > oo, a bounded sequence {x n } C R 1 and some eo > such that for 
all n > 1, 

Ktn,Zn) - Vb(x n +7(t n ))| > e . 

By passing to a subsequence of t n , still denoted by itself, we may assume u(t n , •) — > Vq(- + a) 
in C^ C (R ) for some a G [01,02]. Hence w(t n ,-) — > Vq(- + a) in Cj oc (R ). This implies that 
7(*n) = —x\{t n ) — > a, and thus, due to the boundedness of {x n }, we have 

V (x n + a) - V (x n + j(t n )) -> as n -> 00. 

It follows that 

eo < |n(t n ,x n ) - Vb(x n + 7(i n ))| 

< |u(i n ,x n ) - Vo(x n + o)| + \V (x n + o) - Vb(x„ + 7(t„))| -> 

as n -> 00. This contradiction proves our claim. 

The proof of Theorem 11.11 is now complete. □ 

3. Conditions for vanishing 

In this section we prove some sufficient conditions that imply vanishing (u — )■ 0). The following 
upper bound is an easy consequence of the standard comparison principle. 

Lemma 3.1. Assume that f satisfies (11.5P and (11.6p . Then, for any ho > and any <ft G 3£(ho), 

e Kt r h 



(3.1) u(t,x;4>) < — = / (p(x)dx for g(t) <x< h(t), t > 0. 

Proof. Consider the Cauchy problem 

wt = Wxx + Kw, x G R , t > 0, 

w(0,x) = 3>(x), x G R 1 , 



(3.2) 
where 

$(x) 



<£(z), x G (-h ,h ), 
0, xg(-h ,h ). 

Then from the expression of tu by the fundamental solution we obtain 

e Kt f (^-«) 2 e Kt f h ° 

w(t,x) = -= / e —w(0,0dti < / 

By the standard comparison theorem, we have u(t, x; 4>) < w(t, x) for t > and x G [<?(£), h(t)], 
and the required inequality follows. □ 

Theorem 3.2. Let ho > and G 3£{ho). Then 1^ := ($00; ^00) is o finite interval and 
lim^oo [|u(t, •; = if one of the following conditions holds: 

(i) / is of (f&f) fa/pe, /to < 7r/(2y /'(0)) and ||</>||z,°° is sufficiently small; 

(ii) / is 0/(15) or (f c ) fype, and ||0||l°° < 6>; 

(iii) / is of (Jb) or (fc) £ype, and for K in (11.61) . 



/ 27T 

(3.3) / ^ 4>(x)dx<e-^ — . 
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Proof, (i) Since ho < 7r/(2y / /'(0)), there exists a small 5 > such that 



(3.4) 



7T 



/'(O) > 25. 



4(1 + <5)2/ l 2 

Moreover, there exists an s > small such that 

Tips < 5 2 hl, f(u) < (/'(O) + 8)u for u G [0, s]. 

Set 

fe(t) : = /i ^l + 5 - 2 e_5 *) and w(i,x) : = se~ St cos (j^y)- 

Clearly w(t,—k(t)) = w(t,k(t)) = 0. A direct calculation shows that, for t > and x G 
[-fc(t),fc(tj], 



u>t - - f(w) > [-6 + 



TT 



4k 2 (t) 



/'(0) — S) w > 0. 



On the other hand, by the choice of s we have 



pw x (t,-k(t)) = -pw x (t,k(t)) 



< 



k'{t). 



2k(t) ~ 2h ~ ~ 2 

Therefore, (w(t, x) , —k(t) , k(t)) will be an upper solution of (jl.ip if w(0,x) > 4>{x) in [— ho, ho]. 

Choose o~\ := s cos which depends only on |U, /io and /. Then when ||</>||l°° < <J\ we have 
4>(x) < o~\ < w(0,x) in [— ho, ho], since ho < k(0) = ho(l + |). By Lemma I27L1 we have 

h{t) < k(t) < h (l + 5), h^ < oo. 

Hence 1^ is a finite interval and by Theorem 1 u — > as t — > oo locally uniformly in 1^. In 
view of Lemma |2T%1 this implies that lim^oo \\u(t, ')\\L°°(\g(t),h(t)]) = 0- 

(ii) (The (fg) case) Since u = # is a stationary solution, by the strong comparison principle, 
there exist rji G (0, 0) and ii > such that 

u(tx,x;4>) < r/i for x G [#i,/ii] := [#(ii), 

Since / is of (fe) type, there exists M = M(r/i) > such that 

f{u)<-Mu for < u < 771. 

It follows that u{t,x;4>) < rj(t) := rjie~ M for f > ii. Choose p > hi such that 2Mp 2 > 
TrfMTjie 1 , and then choose < 5 < min{^, /ii} small such that 

x/2 



n(ti,x) < -—771 for x G [31,51 + 5] U [/t x - <5,/ii]. 



(3.5) 

For t>t\ we define 

<r(t) :=p(2-e- M * 
(so p < cr(t) < 2p, fe(ti) > h\), and 

7r(a; — hi + 5) 



«;(t, x) := rj(t) cos 



2<r(i) 



and k(t) := h\ — 5 + o~(t), 

for hi - 5 < x < k(t), t > h. 



Then, for hi — 5 < x < k(t), t > ti, we have 



w t - w xx + Mw 



2 

7T W 



+ rj(t) sin 



7r(x — hi + 5) 



2a(t) 



ir(x - hi +8)a'(t) 



2a 2 (t) 



> 0. 



it;(i, fc(t)) = and — pw x (t, k(t)) < 



2p 



< Mpe 



-Mt 



k'(t) 
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by the choice of p. Moreover, wit, h\ — 5) = rj(t) > u(t, h\ — 5), and by (|3.5p . 

u(t\, x) < ~^ 7 li — w(t\,x) for h\ — S < x < h\. 

Hence (w(t,x),hi — 6,k(t)) is an upper solution of for t > t\ in the sense of Lemma 
By the conclusion of this lemma we have hit) < k(t), and hence 

hoo < lim = hi — 5 + 2p < oo. 

t— >oo 

The rest of the proof is the same as in (i). 

(ii) (The (fc) case) In this case u = 8 is again a stationary solution, and by the standard 
comparison principle we have u(t, x;(f>) < 8 for all t > 0. Therefore, the equation we are dealing 
with reduces to the heat equation Ut = u xx . As in the proof of Lemma 13.11 we have 

1 r^ 10 9h 
u(t, x; </)) < —= / )df < -?= for - x - fe (*)> * > °- 

2\/irtJ-h yirt 

Therefore, we can find a large i 2 > such that 

(3.6) max uCt 2 , x; 6) < m := - • min Id, 

g(t 2 )<x<h(t 2 ) 2 L 8/iJ 

Take h 2 > max{— g(t 2 ), hfo)} such that 

(7TX \ 
—j for x G [fir(*2) ; ^2)]- 

For this h 2 we set w := 7r/(4/t2) and define, for i > 0, 

fc(t) :=fc a (2-e- wat ), w(t,x) := 2 m cos (^) e~" H . 
Then, h 2 < A;(i) < 2h 2 , and for i > and —kit) < x < kit) we have 

( ^ 2\ 

wt — w xx > , r , . — u \ w > 



and, by the choice of rj 2 , 



k'(t) - fiw x (t, -kit)) = k'it) + fj,w x (t, kit)) 



-art 



IT 2 7T/iTy 2 



> 0. 



16h 2 kit) 

Hence (w(t, x), — k(t), k(t)) is an upper solution of 111. ip for t > t 2 . It follows that hit + 1 2 ) < 
kit) < 2h 2 for t > 0. This implies that /loo < 00 and the rest is as before. 

(iii) By ()3. 1 j) . we have 



Then the conclusion follows from (ii). This proves the theorem. □ 

From Theorem 13.21 (ii) , we immediately obtain 
Corollary 3.3. Iff is o/(fs) or of (fc) type, then 

lim \\u(t,-)\\ La o (m>hm =0 

implies that (<?oo>^oo) is a finite interval. 
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If / is of (fjw) type, this conclusion is also true. In fact, a much stronger version holds, namely 



hoc ~ 9oo < Tr/VfW- 

This will follow from Theorem 13.21 (i) and Corollary 14.51 in the next section; see Corollary 14.61 

4. Waves of finite length and conditions for spreading 

In this section, / is always assumed to be of (fjw), or (f#), or (fc) type. In order to obtain 
sufficient conditions guaranteeing spreading (u — >■ 1), we will construct suitable lower solutions 
to (jl.ip through "waves of finite length" , obtained by a phase plane analysis of the equation 

q" ~ cq' + f(q) = 0. 



4.1. Waves of finite length. For Z G (0,oo), we look for a pair (c, q(z)) satisfying 

, 4n / q" ~cq' + f(q) = 0, ze[o,z], 

[ • ' \ q(0) = 0, q'(Z) = 0, q(z) > in (0,Z\. 

We call such a q{z) a "wave of length Z with speed c", since w(t,x) := q{ct — x) satisfies 

Wt = w xx + f(w) for t E R , x G (ct — Z, ct), 
w x (t, ct — Z) = 0, w(t , ct) = 0. 

Such w will be used to construct lower solutions to We will mainly consider waves of 

speed c = (stationary waves) and of speed c > small. 

dq 
Hz' 



Using q' to denote we can rewrite the first equation in (14. lj) into the equivalent form 



q' = P, 



p' = cp- f(q), 



(4.2) 
or, 

(4.3) ^ = C _ZM whenp/0. 

dq p 

For each c > and w > 0, we use p c (q;ui) to denote the unique solution of (14. 3p with initial 
condition p(q)\ q=0 = oj. Such a solution is well-defined as long as it stays positive. 

In the case c = 0, the positive solution of (j4.3j) with p(q)\ q= o = to is given explicitly by 



(4.4) p (q;uo) = ^-2 j* f{s)ds forge [0,0, 

where g w is given by 

u 2 = 2 f(s)ds. 
Jo 

It follows that q^ < 1 if and only if < u < lo° , where 



«i 

,o 



oj u := «/2 / 



o 



Moreover, it is easily seen that ^ is strictly increasing inw£ (0,w°), and as uj \ 0, g w \ in 

the (fjif) case, q^ \ £ (0, 1) in the (f#) case, where G (9, 1) is determined by J f(s)ds = 0, 
and g w \ 6* in the (fc) case. 

The positive solution p°(q;uj) (q G [0, g w )) corresponds to a trajectory (qo(z),po(z)) of (I4.2P 
(with c = 0) that connects (0,a;) and (q u ,0) in the gp-plane. We may assume that it passes 
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through (0, ui) at z = and approaches (q u , 0) as z goes to z w G (0, +oo]. Then using (|4.2h with 
c = and (|4.4p we easily deduce 



(4.5) 

Therefore 



90 (z) ^ r fQo(z) fa 



CO 2 



2fif{s)ds Jo J2J? f(s)ds 



dr f q dr 

z = / = / = < +oo 







: ^-2gf(s)ds Jo ^ 2 tff(s)ds 
for < lo < uj°. We now introduce the function 
(4.6) Z(q) - 



dr 



o 



In the (Im) case, define 

(4.7) Z' M := inf ^ = inf Z(q); 

0<u<u° 0<q<l 

in the (Jb) case, set 

(4.8) Z B := inf z w = inf Z(g); 

0<uj<oj° 9<q<l 

and in the (fc) case, define 

(4.9) Z C := inf z w = inf Z(q). 

0<Ld<uj° 0<q<l 

In the (fjvr ) case, as w \ 0, we have g w \ and so 

r=f d +0 (i))^ = _. 

This implies that 

(4.10) Z' M < Z M := 7r/(2 V ? 7 (0))- 
It is easily seen that Z' M , Zb and Zc are all positive. 

As a first application of the above analysis, we have the following result. 

Lemma 4.1. // / is of (f^f) ij/pe and Z > Z^, or of (fe) type and Z > Z#, or o/ (fc) type and 
Z > Zc? i/ien t/ie elliptic boundary value problem 

(4.11) ii„ + /(u) = in (-Z, Z), v(-Z) = v(Z) = 

has at least one positive solution vz- Moreover, any positive solution vz of (|4.11j) satisfies 
1 1 | |oo ^ I/ in addition, \\Vz\\oo 

> 9 if f is of (f B ) type, and \\ 

VZ \ \oo 

> 9 if f is of (f c ) type. 

Proof. We only consider the case that / is of (fe) type; the proofs of the other cases are similar. 

Let Z > Zb- Then from the definition of Zb we can find oj* G (0, Uq) and correspondingly 
q* := q u * G (9,1) such that := z^* = Z(q*) G (Zb,Z). Let (g(z),p(z)) be the trajectory of 
(|4.2p (with c = 0) that passes through (0, cj*) at z = and approaches (q*,0) as z goes to z*. 
Then g(z) satisfies 

9" + f(q) = m (0, z*), q(0) = 0, q'(z*) = 0. 
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If we define 

{q(x + z*), x G [— 2*,0], 

q(— x + z*), x G [0, z*], 

0, x G Z]\[-2*,£*]. 

Then one easily checks that v is a (weak) lower solution of (|4.1ip . Clearly any constant C > 1 
is an upper solution of (|4.1ip . Therefore we can use the standard upper and lower solution 
argument to conclude that ([4. lip has a maximal positive solution vz, and v(x) < vz(x) < 1 in 
(~Z,Z). 

We now prove that (|4.1ip also has a positive solution for Z = Zb- Let Z n be a sequence 
decreasing to Zb and v n a positive solution of (|4.1ip with Z = Z n . Setting V n := v n (Z n x) we 
find that V n is a positive solution of 

V" + Z 2 n f(V) = in (-1, 1), V(-l) = V(l) = 0. 

Since Z^f{V n ) is a bounded sequence in L°°([— 1, 1]) it follows from standard regularity theory 
that by passing to a subsequence, V n — > V* in C 1 ([0, 1]) and V* is a weak (and hence classical) 
nonnegative solution of 

V" + Z B f(V) = in (-1, 1), V(-l) = V(l) = 0. 

We claim that V* ^ 0. Arguing indirectly we assume that V* = 0, and let V n := P^/HT^Hoo- 
Then 

V£ + c n {x)V n = in (-1, 1), V n {-1) = V n (l) = 0, 
with c n = Z^f(V n )/V n a bounded sequence in L°°([— 1,1]). As before, by standard elliptic 
regularity we have V n — > V in C 1 ([— 1,1]) subject to a subsequence. Moreover, since c n — > 
Z B f'(0), we deduce 

(4.12) V" + Z 2 B f'(0)V = in (-1, 1), V(-l) = V(l) = 0. 

Since ||V"||oo = 1 an d V > 0, by the strong maximum principle we conclude that V must be a 
positive solution of (I4.12p . This implies that Z B f'(0) is the first eigenvalue of (— -rU) over (—1,1) 
with Dirichlet boundary conditions, and hence must be positive. But this is a contradiction to 
/'(0) < 0. Thus V* ^ 0. By the strong maximum principle we see that it is a positive solution 
of (liTTD with Z = Z B . 

Now let vz be any positive solution of (|4.1ip . Then clearly (q(z),p(z)) := (vz(Z-z), —v' z (Z — 
z)) is a trajectory for (|4.2j) (with c = 0) passing throw (0, bS) at z = and approaching ((^,0) 
as z goes to Z, where u> := — v' z {Z) and g w := uz(0) < 1. Since q u is strictly increasing and q^ 
decreases to 9 as oj decreases to 0, we find that vz(0) > 0. □ 

Next we consider (14. 2p and (14. 3p for small c > as a perturbation of the case c = 0. It is easily 
seen that for small c > 0, (|4.3p with initial data p c (q)\ q= o = uj G (0,w ) has a solution p c (q;uj) 
define on q G [0, g c,a; ] for some q c,UJ > g w , and p c (q c,UJ ; uj) = 0. As before this solution corresponds 
to a trajectory (q c (z;u),p c (z;uj)) that passes through (0, w) at z = 0, and approaches ((7 C ' W ,0) 
as 2 goes to some z c,aJ > 0. Moreover, an elementary analysis yields the following result. 

Lemma 4.2. For any fixed uj G (0, ujq) and any small e > 0, there exists 5 > small such that, 
ifce (0, 5), tten <f G (q^, q u + e), and 

p (q;u])<p c (q;oj)<p (q;cj)+e for q G [0,^]; 

moreover, z c ' w G (z w — e, z w + e) and 

<7o(^;w) < g c (z;a;) < g (^;w) +e for z £ [0, min{z w , z c ' w }]. 
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Let us observe that q(z) := q c (z,co) is a solution of (|4.ip with Z = z c,w . Moreover, q'(0) = oj. 
We will use q c (z;u) below to construct lower solutions of (jl.ip . 

4.2. Conditions for spreading. 

Theorem 4.3. Suppose that the conditions in Lemma \4-l\ o.re satisfied and vz is a positive 
solution of (|4.1ip . If (u,g,h) is a solution of (jl.ip with ho > Z and uq > vz in [—Z,Z], then 

(fiboj ^oo) = an d lim^oo u(t, •) = 1 locally uniformly in R 1 . 

Proof. Since vz is a stationary solution and g(t) < —Z, h(t) > Z for t > 0, by the standard 
strong comparison principle we deduce 

u(t,x) > vz(x) in [—Z,Z] for all t > 0. 

By Theorem 11,14 u{t,x) — > v{x) locally uniformly in (goo^oo) = M 1 as i — ?■ oo, where v is a 
nonnegative solution of (jl.7p . u must be a positive solution since v>vz in [—Z,Z]. Moreover, 
since [—Z,Z] C (goo ; ^oo) ; we necessarily have -u > vz in [—Z,Z] due to the strong maximum 
principle. 

Thus if we fix to > and extend vz by outside [— Z, Z], then we can find e > small such 
that for all t > to, 

u(t, x) > vz(x) + e in [-h , ho], u(t, x) > vz(0) + e in [— e, e]. 

As in the proof of Lemma I4~T1 vz corresponds to a trajectory {qo{z; oj),po(z; oj)) of (I4.2P (with 
c = 0) that passes through (0,oj) := (0, — v' z (Z)) at z = and approaches (<7^,0) := (u.z(0),0) 
as z goes to z w := Z. By Lemma 14. 2^ we can find c > sufficiently small such that the 
trajectory (q c (z; oj) , p c (z; oj)) of (I4.2p that passes through (0,oj) at 2; = and goes to ((? c '^,0) as 
z approaches z c,tJ satisfies 

z c >" < z" + e < /i , g c ' w < g" + e < 1, 
q c (z c ' w - z;oj) < q (z c > w - z;oj) + e/2 < q (z w - z;oj) + e in [e,z c ' w ]. 
Since p c (z,w) = ^q c (z;ui) > for z G (0, z c ' w ), we find that 

q c (z°'" -z;uj) < q c ' w <q UJ +e = v z (0) + e for 2 G (0,e]. 
Thus for such small c > 0, we have 

u(t, x) > q c (z c ' u - x; oj) for t>t , x £ [0, z c ' u ]. 
We now fix a small c > such that the above holds and c < [ioj. Then define, for t > 0, 

fc(t) := z c '" + ct 

and 

^ ._ / ?c(A?(t) -a?;w), x G [ct,fc(t)] 5 
^'^•"1 ? c (^;w), x€[0,ct]. 
Since g c (z c ' w ;w) = (7 C ' W and f(q c,U) ) > 0, we find 

wt < + /(if) for t > and x G (0, k(t)). 

Moreover, 

jfe(0) = z c ' w < h < h{t ) 

and 

w(t, k(t)) = 0, fc'(i) = c < /iw = -fiw x (t, k(t)) for i > 0. 
Thus we can apply the lower solution version of Lemma 12.21 to conclude that 

h(t + t ) > k(t) and u(t + t Q , x) > w(t, x) for alH > and x G [0, k(t)]. 
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This implies that hoc = oo and the w-limit of u, namely the positive solution v(x) of (II. 7h . is 
defined over R . Moreover, for t > and x G [0, ct], we have 

u(i + t , z) > w(t, x) = <f>" > q u . 

Hence v(x) = 1 for x 6 R . □ 

Remark 4.4. T/ie function w(t, x) constructed above is C 1 in both variables but it is C 2 in x 
only for x £ [0, ct) U (ct, k(t)]; along x = ct, w xx (t, x) has a jumping discontinuity. However, as 
for the classical comparison principle, this does not affect the validity of Lemmas \2.1\ and \2.%\ 



v z (x) :-- 



Corollary 4.5. // / is of (£m) type and ho > Zm = 7r /(2-\/ /'(0)), then every positive solution 
(u, g, h) of (jl.ip satisfies 

(goo, hoo) = R 1 and lim^oo u(t, •) = 1 locally uniformly in R 1 . 

Proof. Fix to > 0. Then g(to) < —h^, /i(to) > h^. Set xo = [g(to) + h(to)]/2 and choose Zq > ho 
such that [—Zq + xq, Zq + xq] C (g(to), h(to)). Then ti(to, x + xo) > in [— Zq, Zq]. 

Since — > and z w — > ir/ (2^J f'(0)) < ho as u decreases to 0, we can find us > small such 
that z^ 1 < Zq and q^ < u(to, x + xo) in [—Zq, Zq]. We now denote Z = z u and define 

q (x + Z;u), x £ [-Z,0], 
q (—x + Z,oj), i£ [0,2]. 

Then it is easily checked that vz is a positive solution of (|4.1ip . and vz(x) < q u < u(tQ, x + xo) 
in [-Z,Z\. 
Define 

u(t, x) = u(t + t , x + x ), g(t) = g(t + t ) - x , h(t) = h(t + t ) - x . 

We find that tto(x) := u(0,x) > vz(x) in [—Z,Z] and (u,g,h) solves (jl.ip with initial function 
uq . Applying Theorem 14.31 we deduce that 

(doo, hoo) = R 1 and lim^oo u(t, •) = 1 locally uniformly in R 1 . 

Clearly this implies the conclusion of the corollary. □ 

Corollary 4.6. // / is of (f*/) type, then 

lim \Ht,-)\\ L oo {mMt)]) =0 



implies that (<7oo,^oo) a finite interval with length no bigger than n / W f (0) . 
Proof. Otherwise we can find to > such that 



h(h)-gfa)>n/VfW- 

Let xo = [g(to) + h(t())]/2 and define (u, g, h) by the same formulas as in the proof of Corollary 
I4.5) we find that the conclusion of Corollary I4.5I can be applied to (u, g, h) to deduce that u — )■ 1 
as t — > oo locally uniformly in R 1 . In view of Lemma 12.81 this implies that 

Hm ||«(t,-)IU«»(|ff(*),M*)]) = 
a contradiction to our assumption. □ 

5. Classification of dynamical behavior and sharp thresholds 

In this section, based on the results of the previous sections, we obtain a complete description 
of the long-time dynamical behavior of (jl.ip when / is of monostable, bistable or combustion 
type. We also reveal the related but different sharp transition behaviors between spreading and 
vanishing for these three types of nonlinearities. 
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5.1. Monostable case. Throughout this subsection, we assume that / is of (fjw) type. 

Theorem 5.1. (Dichotomy) Suppose that ho > 0, uq £ 3£(ho), and (u,g,h) is the solution of 
(|l.ip . Then either spreading happens, namely, (goo, hoo) = ^ and 

lim u(t,x) = 1 locally uniformly in R ; 

t— >oo 



or vanishing happens, i.e., (goo, ^oo) is a finite interval with length no larger than tt / y /'(0) cm<i 

lim max u(i, x) = 0. 

t^oo g(t)<x<h(t) 

Proof. Since / is of monostable type, it is easy to see that (|1.7p has no evenly decreasing positive 
solution, and the only nonnegative constant solutions are and 1. By Theorem ll.il we see that 
in this case the cu limit set of u consists of a single constant or 1. Moreover, if (goo, hoo) a 
finite interval, then u(t, x) — > as t — > oo locally uniformly in (goo, hoo)- In view of Lemma |2.8| 
this limit implies lim^oo \\u(t, m )\\L x (\g(t),h(t)]) = 0- Hence we can use Corollary 14.61 to conclude 
that when (goo, hoo) is a finite interval, its length is no larger than ir/ y f'(0). 

It remains to show that when (goo, hoo) = R 1 , the u limit is 1. If the limit is 0, then we can 
use Corollary 14.61 as above to deduce that (goo, h^) is a finite interval; hence only uj(u) = {1} is 
possible. □ 

Theorem 5.2. (Sharp threshold) Suppose that ho > 0, (ft £ X(ho), and (u,g,h) is a solution 
of (jl.ip with uq = a<j) for some a > 0. Then there exists a* = a* (ho, (ft) £ [0,oo] such that 
spreading happens when a > a* , and vanishing happens when < a < a* . 



Proof. By Corollary 14.51 we find that spreading happens when ho > i: /(2^J /'(0)). Hence in this 
case we have a* (ho, (ft) = for any (ft £ X (ho). 

In what follows we consider the remaining case ho < ir/(2y / f ''(0)). By Theorem 13.21 (i), we 
see that in this case vanishing happens for all small a > 0. Therefore 

<7* = a*(ho, (ft) := sup {do : vanishing happens for a £ (0, do]} £ (0, +oo]. 

If a* = oo, then there is nothing left to prove. Suppose a* £ (0, oo). Then by definition vanishing 
happens when a £ (0, a*), and in view of Theorem 15.11 there exists a sequence a n decreasing to 
a* such that spreading happens when a = o~ n , n = 1, 2, • • • . For any a > a* , we can find some 
n > 1 such that a > o n . If we denote by (u n ,g n , h n ) the solution of (|1.1|) with uo = o- n (ft, then 
by the comparison principle, we find that [g n (t), h n (t)] C [g(t),h(t)] and u n (t,x) < u(t,x). It 
follows that spreading happens for such a. 

It remains to show that vanishing happens when a = a*. Otherwise spreading must happen 

when a = a* and we can find to > such that h(to) — g(to) > ^- — + 1. By the continuous 

v/'(°) 

dependence of the solution of (jl.ll) on its initial values, we find that if e > is sufficiently small, 
then the solution of (II. 1|) with no = (cr* — e)(ft, denoted by (u e ,g e ,h e ), satisfies 

7T 

hJt ) — gJto) > , 

But by Corollary 14.51 this implies that spreading happens to (u e , g t ,h e ), a contradiction to the 
definition of a*. □ 

From the above proof we already know that a* (ho, (ft) = if ho > — -^=^ , regardless of the 
choice of (ft £ 5£(ho). And if ho < — -7= — - , then a*(ho, (ft) £ (0, +00]. We now investigate when 

2y / (0) 

a* (ho, (ft) is finite, and when it is +00. 
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For a given ho > 0, since any two functions 4>i, fa G 36 (ho) can be related by 

0-101 <4>2< ^201 

for some positive constants a\ and G2, we find by the comparison principle that either a* (ho, (ft) 
is infinite for all (ft £ 36 (ho), or it is finite for all such <p. In other words, whether it is finite or 
not is determined by ho and /, but not affected by the choice of G 36 ' (ho)- 



Proposition 5.3. Assume that ho < 7r/(2y /'(0)) and f(u) > —Lu for all u > and some 
L > 0. Then a*(h ,(j)) G (0,oo) for all <f> G 36 (ho). 

Proof. Fix an arbitrary 6 36 (ho). By Theorem 15,21 it suffices to show that spreading happens 
when uo = cr<p and cr is large. We will achieve this by constructing a suitable lower solution. 
We start with the following Sturm-Liouville eigenvalue problem 

<p"(x) + \ip'(x) + \y(x) = Q, s€(0,l), 
y/(0) = <p{l) = 0. 

It is well known that the first eigenvalue Ai of this problem is simple and the corresponding first 
eigenfunction (pi(x) can be chosen positive in [0, 1). Moreover, one can easily show that Ai > jq 
and tp'i(x) < for x G (0, 1]. We assume further that ||</>l||l/°°([o,i]) = ¥>i(0) = 1. 
We extend (fx to [—1, 1] as an even function. Then clearly 

^'( x ) + ^l^(x) + A m (z) = 0, x G (-1, 1), 
pi(-l) = = 0. 



(5.1) 



(5.2) 



We now choose constants e, Z, T, A, /j in the following way: 



and 
(5.3) 

(5.4) 
Define 

(5.5) 



< £ < min{l, hi}, Z:=l + vr/(2 v / / , (0)), T > Z 2 , 

A> Ai + L(T+1), 
-2 M M(1) > (T + l) X - 



w(t, x) :- 



x 



?j for x G [-\/F+e, VtTe], t > 0. 



(t + e )A - Vv^+^, 

We show that (u>(i,x), — \/F+T, v 7 * + e) is a lower solution of (jl.ip on the time-interval [0, T\. 
In fact, for x G (— \Jt + e, \/t + s) and £ G [0, T] we have 



w t - w x 



f(w) < w t - w xx + Lw 



< 



< 



(t + e) A+1 

~P 
(i + e) A+1 

~P 
(t + e 



<Pi + 



a i 
<Pi + 



2y/t+l 

sgn(x) , 



ip\ + (X - L(t + e))ip! 



ip\ + (A - L(i + e))<p! 



,A+1 



// . sgn(x) , 
+ — o — fi+M'Pi 



Clearly w(t, ±1/ t + e) = 0, and by (I5.4p we have 



(\/t + e)' ± /^(t, ±V* + e) < 



1 



1 + 



^i(l)) <o. 
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Finally, since e < /iq we can choose a > large such that 

p / x \ 

w(0, x) = ^— ^= J < <70(x) for x G [— V^j V 7 ^] C [—/to, M- 

Hence (u>(i, x), — \/t + i, \Jt + e) is a lower solution of (II. ip over the time interval [0,T] if in 
(jl.ip we take uo(x) = cr<^(£) with a > a. It follows that if (u,g,h) is the solution of (jl.ip with 
ito = 0"</> and <7 > <7, then 

g(t) < -Vt + e, h{t) > Vt + e for t G [0,T]. 

In particular, /t(T) — <?(T) > 2vT > 2Z > ir/ a/ /'(0). So spreading happens by Corollary 14.5 
for such (u, g, /i). □ 

Proposition 5.4. Assume that 

(5.6) lim — p^- = oo, 
for some 

(5.T) fi > 3 -±^. 



Then there exists Z® M 6 (0,-^/(2-^/ /'(0))) suc/t i/tai /or every S S£(ho), 

(i) a*(ho,4>) = oo if ho £ (0, 2^], and 

(ii) a*(/t o ,0) e (0,oo) z//t G (2r° / ,7r/(2y7 7 (0))). 

The proof of this result is rather technical and is postponed to the end of this section. Clearly 
Theorem 11.21 follows from Theorems 15.11 15.21 and Proposition 15.31 above. 

5.2. Bistable case. Throughout this subsection, we assume that / is of (fe) type. 

Theorem 5.5. (Trichotomy) Suppose that ho > 0, uq £ X(ho) and (u,g,h) is the solution of 
(jl.lj) . Then either 

(i) Spreading: (goo, ^00) = K 1 and 

lim u(t, x) = 1 locally uniformly in R , 
t— ¥00 

or 

(ii) Vanishing: (g^ , h^ ) is a finite interval and 

lim max u(t, x) = 0, 

t^co g(t)<x<h(t) 

or 

(hi) Transition: (goo, ^00) = R 1 an d there exists a continuous function 7 : [0, 00) — > [—ho, ho] 
such that 

lim \u(t, x) — v oc (x + 7(i))| = locally uniformly in Mr, 

t— >oo 

where Voo is the unique positive solution to 

v" + f( v ) = (x e R 1 ), u'(0) = 0, v(-oo) = v(+oo) = 0. 

Proof. By Theorem ll.lt we have either (<7oo>^oo) is a hnite interval or (<7oo,^too) = R ■ In the 
former case, lim^oo u(t, x) = locally uniformly in (goo, /too); which, together with Lemma l2.8| 
implies that (ii) holds. 

Suppose now ($00, /too) = R 1 ; then either lim^oo u(t, x) is a nonnegative constant solution of 
(5.8) v xx + f(v) = in R 1 , 
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or 



u(t, x) — v(x + 7(£)) — > as t — > oo locally uniformly in R 



i 



where v is an evenly decreasing positive solution of (j5.8[) . and 7 : [0, 00) — > [—ho, ho] is a 
continuous function. 

Since / is of bistable type, it is well-known (see [9]) that bounded nonnegative solutions of 
(|5.8p consist of the following: 

(1) constant solutions: 0, 9, 1; 

(2) a family of periodic solutions satisfying < minw < 9 < maxv < 0; 

(3) a family of symmetrically decreasing solutions t>oo(- — a), ael 1 , where is uniquely 
determined by 



From this list, clearly only 0, 9, 1 and t>oo(' — a ) are possible members of oj(u). 

By Corollary 13. 3| u>(u) = {0} is impossible. It remains to show that uj(u) / {9}. We argue 
indirectly by assuming that u(t,x) — > 9 as t — > 00 locally uniformly in R 1 . Let vo(x) be a 
periodic solution of (j5.8|) as given in (2) above. We now consider the number of zeros of the 
function 



in the interval [g(t), h(t)], and denote this number by 2(t). Clearly w(t,g(t)) < and w(t, h(t)) < 
for all t > 0. Therefore we can use the zero number result of [2] to the equation satisfied by 
w to conclude that Z(t) is finite and non- increasing in t for t > 0. (We could use a change 
of variable to change the varying interval [g(t),h(t)] into a fixed one, and then use [2] to the 
reduced equation.) On the other hand, since u(t,x) — > 9 and vq(x) oscillates around 9, we find 
that Z{t) — > 00 as t — > 00. This contradiction shows that v = 9 is impossible. The proof is 
complete. □ 

Theorem 5.6. (Sharp threshold) Suppose that ho > 0, <j) G J2f(/io), and (u,g,h) is a solution 
of (ll.ip with uo = for some a > 0. Then there exists a* = a* (ho, (ft) € (0,oo] such that 
spreading happens when a > a* , vanishing happens when < a < a* , and transition happens 
when a = a* . 

Proof. By Theorem 13.21 (ii) we find that vanishing happens if a < 9/\\(b\\. Hence 



If a* = +00, then there is nothing left to prove. So we assume that a* is a finite positive number. 

By definition, vanishing happens for all a £ (0, a*). We now consider the case a = a* . In 
this case, we cannot have vanishing, for otherwise we have, for some large to > 0, u(to,x) < 9 
in [g(to), h(to)], and due to the continuous dependence of the solution on the initial values, we 
can find e > sufficiently small such that the solution (u e ,g t ,h e ) of (jl.lj) with uo = (o~* + e)(j) 
satisfies 



Hence we can apply Theorem 13.21 (ii) to conclude that vanishing happens to (u e ,g e ,h e ), a con- 
tradiction to the definition of a* . Thus at a = a* either spreading or transition happens. 

We show next that spreading cannot happen at a = a*. Suppose this happens. Let vz be a 
stationary solution as given in Lemma 14.11 Then we can find to > large such that 




w(t, x) := u(t, x) — vq(x) 



0=0 



*(ho,(/)) := sup {do : vanishing happens for a G (0, 00]} G (0, +00]. 



u e (t ,x) < 9 in [g e (t ),h e (to)]. 



(5.9) 



[-Z,Z] C (g(t ),h(t )), u(t ,x) > v z (x) in [-Z,Z]. 
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By the continuous dependence of the solution on initial values, we can find a small e > such 
that the solution (u e ,g e ,h e ) of (jl.ip with uq = (a* — e)4> satisfies (|5.9p . and by Theorem 14.31 
spreading happens for (u e ,g £ , h e ). But this is a contradiction to the definition of a*. 

Hence transition must happen when a = a* . We show next that spreading happens when 
a > a* . Let (u,g,h) be a solution of (jl.ip with some a > a* , and denote the solution of (II. ip 
with o~ = o~* by (u*,g*, h*). By the comparison theorem we know that 

b*(l)A(l)] C (g(l),h(l)), u*(l,x) < u(l,x) in Ml)A(l)]. 

Hence we can find eo > small such that for all e G [0, eo], 

[5*(l)-e,/i*(l)-e] C (5(1), /t(l)), u»(l,sc + e) < «(l,a;) in [^(1) - e, h„(l) - e]. 

Now define 

u e (t,x) = u*(t + l,x + e), 5 e (i) = <7*(i + 1) - e, fo e (i) = h*(t + 1) - e. 

Clearly (u e ,g e , h e ) is a solution of (jl.ip with uo(x) = a; + e). By the comparison principle 
we have, for all t > and e G (0, eo], 

[&(*), fc e (*)] C te(t + l),/i(* + l)), <n(t+l,x) in fc 6 (t)]. 

If u*(t,x) — Voo(x + 7(t)) — >• as t — )■ 00 and u(u) / {1}, then necessarily u(t,x) — v 00 (x + 
7(t)) — > as i — > 00. Here both limits are locally uniform in TSL , and 7,7 are continuous 
functions from [0, 00) to [— /io,^o]- 

On the other hand, the above inequalities imply that 

limsup[v 00 (x + e + j(t)) - v^ix + 7(*))] - 

t— >oo 

for all x € M 1 and e G (0, eo]. Since is an evenly decreasing function, this implies that 
lim t _> 00 [e + 7(t) — 7(t)] = for every e G (0, eo]. Clearly this is impossible. Thus we must have 
u(u) = {1}. This proves that spreading happens for a > a*. □ 

Next we determine when a* (ho, 4>) is finite and when it is infinite. 

Proposition 5.7. Let Zb be given by ()4.8|) . Then a*(ho, 0) < 00 for all 4> G J2T(/io) i//io ^ %B> 
or if ho G (0, Zb) and f(u) > —Lu for all u > and some L > 0. 

Proof. Let /io > 0, G JT(/io) and (u,g,h) be a solution of (II. lj) with no = o~4>. It suffices to 
show that spreading happens for all large a under the given conditions. 

First we suppose that ho > Zb- By Lemma [4.11 (|4.1ip has a positive solution vz with Z = ho. 
For sufficiently large a > clearly a<p > vz- Thus we can apply Theorem 14.31 to conclude that 
spreading happens for (u,g, h) with such a, as we wanted. 

Next we consider the case that ho G (0, Zb) and f(u) > —Lu for all u > and some L > 0. 
In this case we construct a lower solution as in the proof of Proposition 15.31 with the following 
changes: Z > 1 + 7r/(2y /'(0)) is replaced by Z > 1 + Zb, and we add a further restriction for 
p, namely 

We deduce as in the proof of Proposition 15.31 that, for a > a, 

h(T)-g(T) > 2Z B , u(T,x) > w(T,x) > v Zb in [-Z B ,Z B \. 

Then by Theorem 14.31 we deduce that spreading happens for (u,g, h) with a > a. The proof is 
complete. □ 
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Clearly Theorem 1 1.31 is a consequence of Theorems 15.51 15U1 and Proposition 15.71 The following 
result gives conditions for a* (ho, (ft) = oo, whose proof will be given in the last subsection of this 
section. 



Proposition 5.8. Assume that 



/to 



(5.10) lim „ = oo for some f3 > 2 



oo S l+2/3 

Then there exists Z B G (0, Zb) such that, for every (ft G &(ho), 

(i) a* (ho, (ft) = oo if ho < Zg, and 

(ii) a* (h , (ft) G (0,oo) zf/io > 

5.3. Combustion case. Throughout this subsection, we assume that / is of (fc) type. 

Theorem 5.9. (Trichotomy) Suppose that ho > 0, uq £ S£{ho) and (u,g,h) is the solution of 
(II. 1|) . T/ien either 

(i) Spreading: (<?oo>^oo) = R 1 and 

lim u(t,x) = 1 locally uniformly in R , 

t— >oo 

or 

(ii) Vanishing: (goo,hoo) is fl finite interval and 

lim max ii(t, x) = 0, 

t^oo g(t)<x<h(t) 

or 

(hi) Transition: ($007^00) = R 1 and 

lim «(£, 2) = 6*. 
t— >oo 

Proof. One easily sees that bounded nonnegative solutions of 
(5.11) ^ + /(7;) = 0inM 1 , 

with a combustion type /, consists of the following constant solutions only: 0, every c G (0,6*), 
9,1. 

Therefore, by Theorem 1 we have either (goo, ^oo) is a finite interval and linn^oo u(t, x) = 
locally uniformly in (goo, h^), or (goo, h^) = R 1 and lim^oo u(t, x) = v locally uniformly in R , 
with v a constant nonnegative solution of (I5.1ip . As before we can use Lemma 12.81 to conclude 
that when (goo,hoo) is a finite interval, then vanishing happens. 

It remains to show that when (goo,hoo) = R 1 ) then v = 1 or v = 9. As before Corollary 13.31 
shows that v = is impossible when (goo, ^00) = R • We show next that w/c for any c G (0, 9). 
Suppose by way of contradiction that v = c G (0,9). Then in view of Lemma \2.8\ for some large 
to > we have ||ii(£o> OIU 00 < ^- Thus we can apply Theorem 13.21 to conclude that vanishing 
happens to (u,g,h), a contradiction to uj(u) = {c}. 

The proof is complete. □ 

Theorem 5.10. (Sharp threshold) Suppose that ho > 0, (ft G X(ho), and (u,g,h) is a solution 
of (jl.ip with uo = o(ft for some a > 0. Then there exists a* = a*(ho,(ft) G (0,oo] such that 
spreading happens when a > a* , vanishing happens when < a < a* , and transition happens 
when a = a* . 

Proof. The proof is identical to that of Theorem 15.61 except the last part, where it shows that 
spreading happens when a > a*. This part has to be proved differently. 



SPREADING AND VANISHING IN NONLINEAR DIFFUSION PROBLEMS 27 

Let (u*,g*, h*) be the solution of (II. ip with no = o~*<fi, and (u,g,h) a solution with uq = a<f> 
and a > a* . Since u*(t, x) — > 6 locally uniformly in M 1 as t — > oo, in view of Lemma [2.8|, we can 
find T > large such that 

(5.12) u*(t,x) < 9 + 5 /2 for t > T/2, x G [g*(t), h*(t)], 
where 5o is given in (11.12p . By the comparison principle we have 

(5.13) \g*(T),h*(T)] C (g(T),h(T)), u*(T,x) < u(T,x) in [g*(T),h*(T)]. 
Now, for £ G (0, 1), we define 

vHt, x ) : = cV(£* 5 v 7 ^), = r 1/2 <?*(^), ^(t) = r 1/2 M#)- 

Then, by (|5,12p and (|5.13p . we can choose £o G (0) 1) close enough to 1 so that, for every 

£€[Co,i), 

(5.14) v^(t,x) <6 + 5o for all t > T, x G [g*(t), ^(i)], 
and 

(5.15) [/(T),^(T)] C (g(T),h(T)), J(T,x) < u(T,x) in tf(T),h?(T)]. 
Observe that satisfies the equation 

4 = vL + for t > T, x G [^(t), 

By (IBTTil) and ([Tl2]) . we have /(^) < f(v^). Therefore in view of (15.15p . we find that (v^,g^, ht) 
is a lower solution of (II. ip for t >T. It follows that 

u(t,x) > v^(t,x) and u > lim sc) = 

t— >oo 

where t> is the w-limit of u. Thus we must have v = 1, as we wanted. □ 

Proposition 5.11. Let Zc 6e given by (|4.9p . T/ien a* (ho, 4>) < oo /or aZZ <^> G SJ(ho) if ho > Zc, 
or i/ /io G (0, Zc) and /(«) > — /or all u > and some L > 0. 

Proposition 5.12. Assume that f satisfies (|5.10p . T/ien i/iere exists Zq G (0, Zc) suc/i i/iat, 
/or ewen/ G 3^ (ho), 

(i) o~*(ho,4>) = oo if ho < Z c , and 

(ii) o-*(/to,^) G (0,oo) z//io > Z°. 

The proof of Proposition 15.111 is identical to that of Proposition 15.7} all we need is to replace 
Zb by Zq in the proof. The proof of Proposition 15 . 1 21 is given in the next subsection. Evidently, 
Theorem 11.41 is a consequence of Theorems 15.91 15.101 and Proposition 15.111 

5.4. Proof of Propositions 15. 4L 15.81 and 15.121 In this subsection we always assume that / 
is of (fftf), or (fs), or (fc) type. We will prove Propositions 15.81 and 15.121 first, and then prove 
Proposition 15.41 
If / satisfies 

/ (^) 

(5.16) lim a = oo for some 8 > 2, 
then taking 

(5.17) L = L(8)= 1 -±P.2^, 
we can find s = s(8) > 1 such that 

(5.18) - f(u) > Lu l+W for u > s. 
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Let ho > 0, and (u,g,h) be the solution of (jl.ip with no = 4> E 3^ {ho). We show that 
$g(t) x ' ^ can ^ e mao - e as sman as we want if ho is small enough and t is chosen suitably, 
regardless of the choice of <p. 

Lemma 5.13. Suppose that (I5.16P or (15.180 holds. Then given any e > we can find Hq = 
/iq(e) > such that, for each ho E (0, ho] there exists to = io(^o) > so that 



h(t ) 



g(to) 



u(to, x; 4>)dx < e for all </> E X(ho). 



Proof. For any ho E (0, 1), set 

-i -77 

= (a; - h ) 3 - fy> for /i < x < 2h . 
For ho + ct < x < 2ho + ct, t > 0, we define 



(5.19) 



w(t,x) := ip(x — ct), k(t) = 2ho + ct with c 



PK 



i+3 



With s given by (|5.18p . we set 



(5.20) 



£\ := /iq(1 + s) 13 (< /iq) (or equivalently, VK^O + £l) = sh c 



We now consider w for ho + ct + e\ < x < 2/iq + ct, t > 0. It is easily seen that 



wt(t,x) = —cip'(x — ct) 



> 



l+/3_ — l+§_ ' 

/3(x-h -ct) p ph 



w xx (t,x) 



l + P 



< 



1 + /3 (l + s) 1+ ^ 



1+2/3 — o2 

f3 2 (x - h - ct)~ P 



1+2/3 



Hence, with F := sup < ?<00 /(£), 

w t - w xx - f(w) > — \ TW 
1 



PK 



1 + 2 f) 



1 , a 1+2/3 
cho- l -±^(l + s) 1+ ^-Fph^ 



^- l ^±{l + s)^-F P hT 



>0, 



provided ho is sufficiently small. 

Next we consider w for ho + ct < x < ho + ct + e\, t > 0. In this range, we have 



w(t,x) > 



1 



(x-h -ct)e V v/ ^o 
1 / s 



(x-h - ct) f> 



h vi + s 
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Thus, 



w t -w xx -f(w) > -cip'(x - ct) - if)"{x - ct) + L[ip(x - ct)} 1+2/3 

1+2/3 

1 f s \ 1 + /3 



> L 



(x-h - ct) f> 



1+2/3 

(3 2 (x-h -ct) ? 



> 



1+2/3 

(x-h - ct) P 



(x-h - ct) a 



L 



s ^ 1+2/3 1 + p 



1 + 8 



1^ 1+2/3 1 + /3 



Clearly, 



k (t) + fj.w x (t, k(t)) = c - 



i+j 

/3 



/32 



0. 



We now compare (u, /i) with (w, k) over the region 

Q := {(t, x) :h + ct<x < k(t)} n {(i, x) : < x < h(t)}. 

By definition, 

u{t,x) = for x = h(t), w(t,x) = +oo for x = ho + ct. 
Thus we can apply Lemma 12,21 to deduce that whenever J(t) := {x : (t,x) G SI} is nonempty, 
we have h(t) < k(t) and u(t,x) < w(t,x) in J(t). Thus we have h(t) < /c(i) for all i > 0. 
By (|5.18p and the definition of c, 



dr 



< 



hi 



-f(r) ~ 2?Ls 



2/3 ' 



CT\ < 



p-1 



hn 



2f3 2 Ls 2 ? 



Let C(t) be the solution of 



C'(t) = f((), c(0) 



+ 1. 



Then 0) < ((t) for t > 0. We claim that u(t, x; <f>) < sh Q 13 for t > t\. 

Indeed, since /(l) = and /(£) < for £ > 1, we find that ((t) > 1 and is decreasing for 
t > 0. Moreover, 

rC(rO d( 



^Hoo+1 /(C) 



< 



<t>\\oo + l /(C) 

00 



00 _dc_ 

C(n) 7(0 



Thus 



C(n) -/(O 



< 



dC 



S /C -/(C) 7 C (n) -/(O 

It follows that C( r i) < s /h<Q^ an d hence < s/h l J^ for all t > n, which implies the claim. 
By this estimate of u(t, x; </>) we obtain, for t = T\, 



P-2 



u(t\,x; 4>)dx < (2/iq + CTi)sh Q < h 



2shX + 



2(3 2 Ls 2 P- 1 



:-!() 
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bmce P > 2, J Mri) u(n,x;<t>)dx can be as small as possible when ho — > 0. By a parallel 
consideration, the same is true for f°, > u(t\, x; <f>)dx. This completes the proof. □ 



We also need the following technical lemma. 

Lemma 5.14. Suppose ho > and <f> G JT(/io)- Then there exists £q G (0, ho) such that, for 
any e G (0,£o), any <p e G X (ho — e), and any sufficiently large a > 0, 

g s (h) < -ho, h £ (ti) > h , u e (tx,x) > 4>(x) for x G [—ho, ho] 

at some t\ > 0, where (u £ ,g £ ,h £ ) denotes the solution of (jl.ip with uq = o~(fr £ . 

Proof. We prove the conclusion by constructing a suitable lower solution. Let f>i(x) be the 
positive function satisfying (|5.2p and \\ip\ ||l°°([-i,i]) = ¥>i(0) = 1. 
Choose po > such that 

1 / x 



(5.21) 



Po > 



-2Wi(l) V/i 



> (j)(x) for x G [— /iq,/io]. 



This is possible since </?i(l) < and <f> G C 1 ([— /io, ^o])- Fix such a po; then there exists 
M = M(po) > such that 

(5.22) /(s) > -Ms for s G [0,2p ]- 
Set 

(5.23) A:=Ai+M/ig, e := (1 - 2~^)h . 
For any e G (0,£q), any (p £ G JT(/iq — e), we will show that, when 



ho 



ho-e 



2A 



<P1 



h -e 



we have 



u(ti,x;a4> £ ) > 4>(x) on [-h Q ,h ], 



at time ii := 2eho — e 2 > 0. To prove this result, we first show that (w, —k, k) given by 



(flQ \ 2A / X \ 



forms a lower solution of (II. ip on the time interval i G [0, t±] 
When t G [0, t\], we have /iq — £ < < ho and 



«)IU°°([-fc(t),fe(t)]) = w(*,0) < po 



h 



by the definition of Eq- Hence, for —k{t) < x < k(t), < t < t\, 
w t - w xx - f(w) < w t — w xx + Mw 



2\ 



<2 P0 



-poh 



2\ 



[k(t)] 2X + 2 
,2A 



< 



-poK 



k'(t) + fiw x (t,k(t)) < 



[k{t)] 2X + 2 
1 



2k(t) 
sgn(x 



ip[ + [A - M(k{t)) 2 ]vi 



2k{t) 



and 



-k'(t) + nw x (t,-k(t)) > 



2k(t) 



Mt)- 
- h 



= 0, 
<0, 



> 0. 
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If a is chosen such that w(0,x) < o~(ft £ , we find that (w(t,x),—k(t),k(t)) is a lower solution of 
(jl.ip with uq = o(ft e . Now it is clear that the required inequalities follow from this and (|5.2ip . □ 



Proof of Propositions 15.81 and I5.12t We only consider the (fg) case; the proof of the (fc) 
case is identical. 

By Lemma 15.131 and Theorem 13.21 (iii). we see that for sufficiently small ho > 0, vanishing 
happens for any (ft 6 &(ho) and any a > 0. So a* (ho) = oo for small ho- Here and in what 
follows we write a* (ho) = oo instead of a* (ho, (ft) = oo, since (ft G ^ (ho) plays no role for the 
validity of this identity. 

Define 

(5.24) Z^:=supn where II := {h > | a*(h ) = oo}. 

In view of the above fact and Proposition 15.71 we have < Z B < Zb- By the comparison 
principle, we see that a*(h ) = oo when h G (0, Z%), that is, (0, Z%) C II. 

We claim that the set (0,oo)\LI is open, and so II is closed. To see this, suppose ho belongs 
to this set and so a* (ho, (ft) < oo for every (ft E &(ho). Hence there exists a\ > so that 
spreading happens when uq = (J (ft and a > a%. By Lemma 15.141 for sufficiently small e > and 
any (ft t S 3C (ho — e)> there exists 02 > and ti > such that 

u(t 1 ,x;a 2 (fte) > cfi(ft(x) in [-h ,h ]- 

It follows that 

u(t + t\,x; a2<fte) > u(t, x; (Ji4>) for all t > 0. 

This implies that a* (ho — e, (ft € ) < oo and hence ho — e G (0, oo)\n. By the comparison principle, 
clearly any h > ho belongs to this set. Thus it is an open set. 

Hence n is relatively closed in (0, +oo) and n = (0,Z B ]. By Proposition 15.71 a *(Zs) < +oo. 
Therefore Z B < Zb, and for ho > Z B , a* (ho) < +oo. 

The proof is complete. □ 

The proof of Proposition 15.41 needs the following result. 



Lemma 5.15. Under the assumptions of Proposition [5^1 there exists /iq > small such that, 
for any ho G (0, h^) and any (ft G JT(/iq), we have \\u(t, •; 0)||oo - > as t — > oo. 



Proof. By (15. 7ft we have 

2 /3 2 - 2/3 - 1 

Fix a constant a between them, we may assume without loss of generality that 

-f(s) 

(5.25) lim sup 1+2a < °°- 

Indeed, if (|5.25p does not hold, we can modify / to be f\ G C 1 such that f(u) < fi(u) for u > 
and that f\ satisfies (|5.25j) . Replace / by f\ in ([Lip and denote the problem by (jl.ip i . It is 
easily seen that when a solution u\(t, x; (ft) of (jl.ip i vanishes, the solution tt(i, x; (ft) of (|l.ip also 
vanishes. Hence we may prove the lemma under the additional condition (|5.25p . 

In what follows we always choose ho G (0,1). Conditions (|5.6p and (|5.25p imply that there 
exist s > 1, Kp > and K a > such that 

(5.26) K^u 1+2/3 < -f(u) < K a u 1+2a for u > s. 
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Moreover, we could have chosen Kr = L given by (|5.17j) . Therefore we can define c, w(t, x) and 
k{t) as in the proof of Lemma 15.131 to deduce 

h(t) < 2h + ct for all t > 0. 

Similarly 

g(t) > -2h - ct for all t > 0. 

Step 1. A bound from the proof of Lemma \5. 131 We denote uj\ := < 1; then as in the 
proof of Lemma 15.131 we have 

f°° dr h 2/3u)1 
n ■= / 71 r < 



., . -fir) " 2PK^' 
V 

CTl ~ Wk^ Ho1 ^{-g{n),Kn)} < 2h + en < (2 + ^—^ h , 

and 

(5.27) u(n, X ;cj>)dx < (ia + ^J^ )^. 

Step 2. A bound for g and h at a later time r 2 . By condition (|5.7p . there exists < 5 < /3 
such that 

2/3 2 - 2/3 - 1 

Hence 

2/3 2 - 2/3 - 1 1 + + 5 

l-u,i = w >au 2 := a .-^— . 

Note that w 2 < 1^1 and so h^ 2 < h^ 1 . 
Define 

r 2 :=/ 4^<J^<r 2 ° 



IF2 



-f{r) ~ 2pK p s 2 P 2 ' 2pK^ 



Then 

(5.28) max{- ff (r 2 ) ; h(r 2 )} < 2h + cr 2 < 2h + ^JL^ h$ < 

provided /io is sufficiently small. 

Step 3. A key bound for u. Direct calculation shows that 

> f& dr . hl^jl-h 2 ^ 1 -^) h 2 ™ 2 
' 2 ' l ~ ' K a r 1 + 2a ~ 2aK a s 2a ~ 4aK a s 2a 







provided that ho is sufficiently small such that 

(5.29) 1 - h% x(ui - ua) > ~ 

Therefore, for g(T 2 ) < x < /i(r 2 ), we have by (|5.27[) 

K(T 2 -n) rh(n) 

(5.30) — -^=^= I u(n,x;<j))dx < Mh 1 ^ 1 '^ 2 < <r x , 
2Vvr(r 2 - ti) Jg( Tl ) 
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provided ho > is sufficiently small, where K > is chosen such that (|1.6p holds, o\ > is 
small so that the conclusion in Theorem 13.21 (i) holds when ||0||oo < o"i 5 and 

M := ^-^ry/AaK a s 2a (2s + 



v V 2^K l3 s 2 P- 1 )' 

Step 4- Completion of the proof. For the above chosen ho > 0, 

h(n) < h(r 2 ) < - L_ , g(n) > g(T 2 ) > 



By the proof of Lemma 13.11 we know that 

u(t\ + t, x; 4>) < — j= \ u(ri,x;4>)dx for all t > 0. 
2^irtJg( T1 ) 

Hence for gfa) < x < hfo), 

u(T2,x;(j)) < — = / u(ti,x; (j>)dx < a\. 



2a/vt(t 2 - n) J g {n) 

Consequently, u{t 2 + t, x; (p) —^0 by Theorem 13.21 (i). □ 

Proof of Proposition 15. 4t With the help of the above lemma, one can proceed as in the proof 
of Propositions 15.81 and 15.121 □ 

6. Semi-waves and spreading speed 

Throughout this section we assume that / is of type (fjw), or (fs), or (fc), and (u,g,h) is 
a solution of (jl.ip for which spreading happens. To determine the spreading speed, we will 
construct suitable upper and lower solutions based on semi-waves and waves of finite length 
with speed close to that of the semi-waves. 



(6.1) 



6.1. Semi-waves. We call q(z) a semi-wave with speed c if (c,q(z)) satisfies 

q" - cq' + f{q) =0 for z G (0, oo), 
q(0) = 0, q(oo) = 1, q(z) > for z £ (0,oo). 

As before, the first equation in (|6.1j) can be written in the equivalent form 

(6.2) q =p, p = cp- f(q). 

So a solution q(z) of (|6.ip corresponds to a trajectory (q(z),p(z)) of (|6.2p that starts from the 
point (0,w) (uj = q'(0) > 0) in the gp-plane and ends at the point (1,0) as z — > +oo. 

If p(z) = q'(z) > for all z > 0, then the trajectory can be expressed as a function p = 
P{q)i q S [0, 1], which satisfies 

dP f(a) 

(6.3) =p> = c -im for q G (0, 1), P(0) = U , P(l) = 0. 
dq P 

It is easily checked that 



P (q) -=J^J f&ds, qe [0,1], 



solves (|6.3p with c = and uj = oj° := y 2 L f(s)ds > 0. Moreover, 
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Suppose c > and consider the equilibrium point (1,0) of (I6.2p . A simple calculation shows 
that (1,0) is a saddle point, and hence by the theory of ODE (cf. [23]) there are exactly two 
trajectories of (I6.2p that approach (1,0) from q < 1; one of them, denoted by T c , has slope 

c-VgpZffl < at (1,0), and the other has slope c WfEMM > o at (1,0). A part of T c 
that lies in the set S := {(q,p) ■ < q < l,p > 0} and contains (1,0) is a curve which can be 
expressed as p = P c (q), q £ [q c , 1], where q c £ [0, 1), P c (q) > in (g c , 1) and the point (q c , P c (q c )) 
lies on the boundary of S. Thus P c (q) satisfies 



(6.4) P' = c -M- m (g c; i), P(i) = o, P'(l) = ° ^ 4//(1) . 

Clearly, when q c > we have P c (q c ) = 0. 

If q c > 0, then as q is decreased from 1, P c (q) stays positive and approaches from above as 
q decreases to q c . Checking the sign of P' c (q) by the differential equation we easily see that this 
cannot happen before q reaches 9, where 

0, in (fjvf) case, 
9, in (£b) and (fc) case. 

Thus we always have q c < 9. For convenience of notation, we assume that P c (q) = for q £ [0, q c ) 
when q c > 0, so that P c (q) is always defined for q 6 [0, 1]. Denote := {(q,p) ■ p = P c (q), q £ 

[0,1]}- 
Since 

o> '-^ >-ffii=iim 

we have ^(1) > ^o(^)' ari( i by comparing the differential equations of P c (q) and Pa(q) we easily 
see that P c (q) never touches -Po(9) from below as q decreases from 1 to q c . Thus 

< P c (q) < P (q) iovqe(q c ,l), 

which implies P c (q) < Po(q) for q E (0, 1). 
In (q c , 1), we have 

{P 2 C - Pi) = 2cP c < 2cP < 2cM := 2c||P ||l-([o,i])- 
Integrating this inequality over [q, 1] C [q c , 1] we obtain 



Po(q) > Pc(q) > y/Pg(q) ~ 2cM(l - q) for q G (g CJ 1]. 

This means that for sufficiently small c > we have q c = and P c (q) > in [0, 1) 
Define 

(6.5) c := sup A, A := > : P c (q) > in [0,1) for all c G (0,£]}. 
Then the above observation implies that cq 6 (0,oo]. We claim that 

(6.6) c < 2VK, where K := sup 

s>0 S 

Since /(it) < Ku for n > 0, we have 

P'c > c- -j^ in (g c ,l). 



If c > 2\^K, then the linear function L(g) = c +v^ 4_K ^, sa ^i s g es 

L' = c- — - for ge R 1 . 
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It follows that P c (q) < L(q) in (g c , 1), which implies that P c (qc) = and c G" A. Therefore cq < c 
for any such c, and hence Co < 1\fK. 

Lemma 6.1. For any < c\ < ci < cq and c > 0, 

■fci (?) > Pc 2 {q) i n [0, 1), limP c (g) = Pg(?) uniformly in [0, 1]. 

c— »c 

Moreover, P co (0) = and -Pco(<z) > in (0, 1). Furthermore, when f is of (f#) or o/ (fc) type, 
q c > /or c > Co, and lu/ien / is of (fjw) type, P c (0) = 0, P c (<7) > in (0, 1) /or a// c> c$. 

Proof. When < c\ < c%, from the formula for P' c (l) we find P' c (X) < P'c 2 X)- Since 

p> < C2 -M 

we find that as q decreases from q = 1, the curve p = P C2 (q) remains below the curve p = P Cl (q). 
Therefore, q C2 > q Cl and for q G (q C2 ,l), P ci (q) > P C2 (q). It follows that P c (q) is non-increasing 
in c for q G [0, 1]. Therefore for any c > 0, as c increases to c, P c (q) converges monotonically to 
some R(q) in [0, 1] uniformly. R(q) represents a trajectory of (|6.2p with c = c that approaches 
(1,0) from q < 1, and its slope at (1,0) is negative. Therefore by the uniqueness of Tg, R(q) 
must coincide with Pc(q)- We can similarly show that P c (q) converges to Pc(q) when c decreases 
to c. Thus the curve varies continuously in c for c > 0. 

If we assume further that C2 < cq, then by the definition of cq we know that P Ci (q) > in 
[0, 1) for i = 1,2. Thus in this case the above argument yields P ci (q) > Pc 2 (q) f° r q £ [0, 1)- 

We now consider P Co (q). We must have P Co (0) = 0, for otherwise P Co (0) > which implies 
that P Cl {0) > for c\ > cq but close to cq. However, this implies that P c {q) > in [0, 1) for all 
c G (0,ci] and thus (0,ci] C A. But this implies Co > c±, a contradiction. Thus we always have 
^co(0)=0. 

To show that P Co (q) > in (0,1), it suffices to prove that q CQ = 0. Suppose by way of 
contradiction that q CQ > 0. Since q CQ < 8, and 8 = when / is monostable, we find that q Co > 
cannot happen if / is of (fjy/) type. 

Suppose that / is of bistable type. Choose n G (0, q Co ) C (0, 8). Since (n, 0) is a regular point 
for (|6.2p . there is a unique trajectory T C)V passing through (n,0). Since /(??) < 0, T Cfl has a part 
in S that is a curve that can be expressed by p = V c (q), q G [n,g c ] for some q c G (n, 1], and 
(q c , V c (q c )) lies on the boundary of S, V c (q) > in (n, q c ), 

V^ = c-^-m (n,g c ). 

The curve p = V CQ (q), q G (rj,q c °), is increasing for q G (0,8) and it cannot intersect T CQ . 
Hence it remains above T^ Q . This implies that q c ° = 1. It cannot join (1,0) since T CQ is the 
only trajectory approaching this point with a non-positive slope there. Therefore necessarily 
V Co (1) > 0. Thus this curve is a piece of trajectory of (|6.2p with c = Co that stays away from any 
equilibrium point. Hence for all c close to Co, V c (q) stays close to Vc (g) in [n, 1]. In particular, 
for all c < Co close to Co, V c (q) > in (n, 1]. This implies that for such c, T\ must lie below the 
curve p = V c (q)(r] < q < 1). This is impossible since by the definition of Co, for such c, P c (q) > 
in [0, 1), which leads to = V c (j]) > P c (n) > 0. 

For the case that / is of combustion type, the arguments need to be modified, since now (n, 0) 
is an equilibrium point of (16. 2[) . Choose e > small so that rj — ec _1 > 0. Then (n, e) is a regular 
point of (16.2j) . and hence there is a unique trajectory Tr;,c,e passing through it. Since f(u) = 
in (0, 8], we see that the trajectory is a straight line with slope c near (n, e), and it intersects the 
a-axis at (n-ec _1 ,0). Much as in the bistable case above a piece of in S can be expressed 
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as p = V c (q), and p = V CQ (q) lies above T^ Q with V CQ (1) > 0. We can now derive a contradiction 
in the same way as in the bistable case. Thus we must have q co = 0. 

If / is of (fjw) type, then for c > cq, P c (fi) < ^co(O) = 0. On the other hand, since q c = we 
know that P c (q) > for q G (0, 1). Thus for such c, P c (0) = and P c (q) > in (0, 1). 

If / is of (f#) type, then (0,0) is a saddle equilibrium point of (j6.2[) for all c > 0, and 
from the ODE theory we find that there are exactly two trajectories of (j6.2|) that approach 

(0,0) from q > 0, one denoted by T c ° has slope c+ ^ c > at (0,0), the other has slope 

c— a/c 2 — 4f / (0) 

— - — 2 < at (0,0). For such /, if there exists c > Co such that q c = 0, then we must 

have P c (0) = for otherwise, -P c (0) > and by the monotonicity of P c (q) on c, we deduce 
Co > c, contradicting to the choice of c. Thus P c (0) = 0, and p = P c (q), q G [0,1], represents 
a trajectory of (|6.2p that connects (0,0) and (1,0). So it must coincide with T® and hence 

p^o) = c +V c2 - 4 /'(o) > For the same reason we have p/ o ( ) = co+ V c o- 4 /'(o) > It follows 

that P c '(0) > Pc o (0), On the other hand, from 



we deduce Pc(l) > ^co (-*-)• Thus there exists q* G (0,1) such that -P c ((7) > P co (q) in (0, g*) and 
-?£(<?*) > Pc (q*)- It follows that P' c {q*) < P' Co {q*)- However, from the differential equations we 
deduce P' c {q*) — P' Co {q*) = c — Co > 0. This contradiction shows that we must have q c > for 
c > Co in the (f#) case. 

If / is of (fc) type, and if q c = for some c > Co, then we have < P c {0) < -fc o (0) = 0, and 
thus P c (0) = 0. We notice from the differential equation for P c (q) that P' c {q) = c in (0,^] and 
hence P c (q) = cq in this range. For the same reason P Co (q) = coq in (0, 6]. Thus we again have 
-P^(O) > Pc (0). We can now derive a contradiction as in the (f#) case above. 

The proof of the lemma is now complete. □ 

Theorem 6.2. Let Co and P Co (q) be defined as above. Then the trajectory represented by p = 
Pc {q), q £ (0, 1), gives rise to a solution qo(z) of the problem 

f-cq' + f(q)=0 forzeR 1 , 
j(-oo) = 0, g(oo) = 1, q(z) > for z G E 1 , 

with c = cq. Moreover, qo(z) is unique up to translation of the variable z. This problem has no 
solution for any other nonnegative value of c if f is of (fg) or of (fc) type, and when f is of 
(fjw) type, it has a unique solution (up to translation) for every c> cq, and has no solution for 
c G [0,c ). 

For each ji > 0, there exists a unique c* = c* G (0, Co) such that P c *(0) = Moreover, (|6.ip 
has a unique solution (c,q) = (c*,q*) satisfying q'(0) = c/ n, and c* is increasing in \x with 



(6.7) 



lim c* = Co- 



Proof. Let (qo(z),po(z)), z G Mr, be the trajectory of (|6.2p corresponding to p = P Co (q), q G 
(0, 1). Then clearly qo(z) satisfies (]6.7|) with c = Co- Conversely, a solution of (]6.7|) gives rise to 
a function P(q) satisfying (|6.3|) . Thus P(q) = P c {q)- The conclusions about the existence and 
nonexistence of solutions to (16.70 now follow directly from Lemma 16.11 The solution is unique 
up to translation because the trajectory is the only one that approaches (1,0) from q < 1 
that has a negative slope there. 

By Lemma [6.11 and the definition of Co, we find that for each c G [0,co), P c (0) > and it 
decreases continuously as c increases in [0,cq]. Moreover, -Po(0) > and -P co (0) = 0. We now 
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consider the continuous function 

£(c)=U c ) :=P C (0)--, cG [0,co]. 

A* 

By the above discussion we know that £(c) is strictly decreasing in [0, Co]. Moreover, £(0) = 
Po(0) > and £(co) = — co//x < 0. Thus there exists a unique c* = c* G (0, Co) such that 

£(c*) = o. 

If we view (c* , c*/fj,) as the unique intersection point of the decreasing curve y = P c (0) with 
the increasing line y = c/ \i in the cy-plane, then it is clear that c* increases to cq as increases 
to oo. 

Finally the curve p = P c *(q), q G [0, 1), corresponds to a trajectory of (|6,2|) . say (q*(z),p*(z)), 
z G [0, oo), that connects the regular point (0,P C *(0)) with the equilibrium (1,0). It follows 
from (|6.2|) with c = c* that (c*,g*) solves (|6.1|) with (q*)'(0) = c* / ji. If (c,q) is another solution 
of (16. ID satisfying </(0) = c//i, then it corresponds to a trajectory of (j6.2H connecting (0,c//x) 
and (1,0) in the set S. Since for each c > there is only one such trajectory joining (1,0), it 
coincides with p = P c (q), q G [0, 1). Thus we necessarily have P c (0) = c//i and hence c = c*. It 
follows that q = q* . 

The proof is complete. □ 



Remark 6.3. The function qo{z) is usually called a traveling wave with speed cq. Its existence 
is well known. Our proof of the existence of (co,qo(z)) is somewhat different from [U 0], so 
that our version of the proof can be easily used to obtain the semi-wave q*(z) and to reveal the 
relationship between c* and cq. Since (1,0) is always a saddle equilibrium point of (|6.2p . our 
construction of the connecting orbit between (0,0) and (1,0), based on the latter point, is slightly 
simpler, compared with that in [Sill], where the construction is based on (0,0) instead. 

Proposition 11.81 clearly follows from Theorem 16.21 

Next we show how a suitable perturbation of the above setting can be used to produce a 
semi- wave that can be used to construct upper solutions for (jl.lj) . Let 6 G (0, 1) be the biggest 
maximum point of / in (0, 1). For small e > 0, let f £ (u) be a C 1 function obtained by modifying 
f(u) over [6,2] such that f(u) < f £ (u) for u G K , f £ {u) has a unique zero 1 + e in [6,2], 
f e {l + e) < 0, and f e decreases to / in the C 1 norm over [6, 2] as e decreases to 0. 

Replacing / by f £ , we have a parallel version of Theorem 16.21 We denote the corresponding 
wave and semi-wave by (cq,^^- 2 )) an d (c*,q*(z)) respectively. We have the following result. 

Proposition 6.4. 

Cn > Co, c* > c* lim Cn = en, lim c* = c*. 

Proof. Let P^{q) denote the correspondent of P c (q)- Since f £ > f, as q decreases from 1 + e, the 
curve p = Pc(q) cannot touch the curve p = P c {q) from above. As before, it cannot touch p = 
before q reaches 6. Therefore P^{q) is positive over (6, 1 + e) and P c e (g) > P c (q) in [q c , 1)- Thus 
for c G (0, c ), P c e (0) > P c (0) > 0. This implies that eg > c . 

Using the monotonicity of f £ on e, we easily deduce that Pc(q) is non-decreasing in e. Thus 
Pc(q) converges to some R(q) as e — > uniformly in [0, 1]. Since p = R(q) represents a trajectory 
of (|6.2p that approaches (1,0) with a non-positive slope at (1,0), and there is only one such 
trajectory, R(q) must coincide with P c (q)- In particular, we have P§ (0) — > P c (0) as e — >■ 0. 

In view of the definition of Cq, the monotonicity of P^(q) on e implies that Cg is nondecreasing 
in e. Therefore cq := lim e _>.o eg exists and cq > cq. 
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Suppose Co > Co, we are going to deduce a contradiction. Choose c G (co,co) and consider 
Pc(q)- Since c < c§, we have P^iq) > in [0, 1 + e) for all e. 

Then in the case that / is of (fg) type or of (fc) type, we have (P^(q))' > c in (0,0] and 
hence P^(q) > cq in [0,8]. Letting e — > 0, we deduce P c (<z) > eg in [0,0]. We already know 
from the proof of Lemma Q that P c (g) > in (g CJ 1) D (0,1)- Thus P c (q) > in (0,1). If 
-Pc(O) > then by the monotonicity in c we have P c '(0) > for all d G (0, c] and hence Co > c, a 
contradiction to our choice of c. If P c (0) = 0, then p = P c (q), q G (0, 1), represents a trajectory 
of (|6.2p connecting (0,0) and (1,0). By Theorem 16.21 such a trajectory exists only if c = Co, so 
we again reach a contradiction. 

Thus we have proved that lim e _>.oCo = c o when / is of (f#) type or of (fc) type. 

We now consider the case that / is of (fjv/) type. Suppose that cq > Co and fix c G (cq,cq). 
Note that from the monotonicity of Cq in e, we always have Cq > Co > c. Moreover, from the 
differential equation we easily see that as e decreases to 0, P^(q) decreases to P c (q) uniformly 
in [0,1], and P c (q) < Pci(o) m (0,1) if c > c\ > cq. We fix such a c\. Thus for sufficiently 
small e > 0, Pc{0) < P Cx {&). We now consider P^(q) for q G [0,8]. We notice that in this range 
fe{q) = /(<?)) an d thus Pc{o) satisfies 

p 

for g G (0,8}. Since Pc(8) < P Cl (0), the curve p = Pc(q) remains below the curve p = P Cl {q) 
as q is decreased from q = 8. Thus, due to P Cl (0) = (because c\ > cq), we necessarily have 
pf(0) = 0. On the other hand, due to c < Cq, we must have P<f (0) > 0. This contradiction 
shows that Co = Co in the monostable well. 

For c G (0,c ), since P c e (0) > P c (0), we have f 6 (c) := P c e (0) - c//x > f(c) := P c (0) - c/p. It 
follows that ^(c*) = < £ e (c*), which implies c* > c* since ^ £ (c) is strictly decreasing in c. Since 
P c e (0) is non-decreasing in e, we deduce that c* is non-decreasing in e. The fact that c* — > c* as 
e — > now follows easily from the uniqueness of c* as a solution of £(c) = 0. 

The proof is now complete. □ 

Finally we show how a semi-wave can be perturbed to give a wave of finite length which is 
more convenient to use in the construction of lower solutions for (jl.ip . So let (c*,q*) be the 
unique solution to (|6,ip . Denote uj* := c* / \i and for each c G (0,c*) consider the problem 

(6.8) P' = c- P(0) =w*. 

Since c < c*, we easily see that the unique solution P c (q) of this problem stays below P c *(q) 
as q increases from 0. Therefore there exists some Q c G (0,1] such that P c (q) > in [0, Q c ) 
and P C (Q C ) = 0. We must have Q c < 1 because otherwise we would have P c (q) = P c (q) due to 
the uniqueness of the trajectory of (|6.2p that approaches (1,0) from q < 1 with a non-positive 
slope there, but this is impossible since P c (0) > P c *(0) = uj* = P c (0). It is also easily seen 
that, as c increases to c* , Q c increases to 1 and P c (q) — > P c *(q) uniformly, in the sense that 
||P C — P c * ||l°°([o,Q c ]) ~~ 0- Let (q c (z),p c (z)) denote the trajectory of (|6.2p represented by the 
curve p = P c (q), q G [0,Q C ], with (<f (0),p c (0)) = (0,w*) and (q c (z c ),p c (z c )) = (Q c ,0), then 
clearly q c (z) solves (|4.ip with Z = z c . Moreover, we have 

(6.9) c < c* = pu* = n (g c )'(0) 



and 



.10) lim z c = +oo, lim \\q c — q*\\L°°(\o z c ]) = 0. 

c/-c* c/-c* u ' " 
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6.2. Asymptotic spreading speed. Let (c* ,q*(z)) be given as in Theorem l6.2l For c G (0, c*), 

let q°(z), Q c and z c be as in the previous subsection. For t > we define 

k(t) = k c (t) := z c + ct 

and 

<f(fc(t) - x), x G [cfc,A:(t)], 
w(t,x) = w c (t,x) := < g c (z c ), x G [— ct, ct], 

g c (/c(t) +x), x G [-*(*), -ct]. 

We will use (w, —k, k) as a lower solution to (jl.ip in the proof of the following result. 

Lemma 6.5. Let (u,g,h) be a solution of (jl.ip for which spreading happens. Then for any 
c G (0, c*) and any 5 G (0, — /'(l)), t/iere exist positive numbers T* and M snc/i t/iat /or t > T*, 

(i) [g(t),h(t)} D [-rf.rf]; 

(ii) u(t,x) > 1 — Me~ 5t for x G [— ct, ct] and some <5 = (5(c) G (0,5); 
(hi) u(t, x) < 1 + Me" 5 * /or x G [g(t),h(t)]. 

Proof, (i) Fix c G (c, c*). Since spreading happens we can find T\ > such that 

[<?(Ti),n(Ti)] d [-Afc(0),*e(0)] and u(T 1; x) > w s (0,x) in [-fce(O), fc a (0)]. 

One then easily checks that (wg(t — Ti,x),—kc(t — Ti),kg(t — Ti)) is a lower solution of (II. ip for 
t>T\. Hence for t > T 2 with some T 2 > Ti, 

a(t) < -jfe 8 (i - Ti) < -c(t - Ti) < -ct, /i(t) > fc 6 (t - Ti) > c(t - Ti) > ct 

and 

u(t, x) > Wc(t — Ti, x) for x G [—kg(t — Ti), k^{t — T{j\ D [— ct, ct]. 

(ii) Since Wg(t — Ti, x) = q c (z c ) = Q° > Q c for |x| < ct < c(t — Ti) for all t > T2, we find from 
the above estimate for u that 

u(t, x) > Q c for - ct < x < ct, t > T 2 . 

Since /'(l) < 0, for any 5 G (0, — /'(l)) we can find p = /o(<5) G (0, 1) such that 

(6.11) f(u)>S(l-u) («€ [l-p,l]), /(u) <5(l-u) (nG [1,1 + p]). 

Recall that Q c — )• 1 as c increases to c*. Without loss of generality we may assume that c has 
been chosen so that Q c > 1 — p. 

Fix T > T2 and let ^ be the solution of 

f V* = 4>xx - Sty - 1), -cT < x < cT, t > 0, 

(6.12) { V(t,±cT) = Q c , t>0, 

( V(0, x) = Q c , -cT < x < cT. 

Since ^ = Q c is a lower solution of the corresponding elliptic problem of (|6.12p . and ip = 1 is 
an upper solution, ijj(t,x) increases in t and tp G [Q c , 1]. Moreover, ip is a lower solution for the 
equation satisfied by u(t + T,x) in the region (t,x) G [0,oo) x [— cT, cT], and so 

(6.13) V(t, s) < u(t + T, x) for - cT < x < cT, t > 0. 
Set * := - Q^e 5 *, then 

= ^ + o(l - Q c )e 5 *, -cT < x < cT, t > 0, 

(6.14) { tf(t,±cT) = 0, t>0, 

*(0,z) = 0, -cT<x<cT, 
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The Green function of this problem can be expressed in the form (see page 84 of 

G(t,x) = ^2{-l) n G(t,x - 2ncT), 

which yields 

G{t, x) > G(t, x) := G(t, x) - G(t, x - 2cT) - G(t, x + 2cT), 
where G is the fundamental solution of the heat equation: 

G(t,x) = -L=e-£. 
V4irt 

Hence 

/■t rcT _ 

*(t,x) = dr G(t-T,x-£)6(l-Q c )e S{t ~ T) d£ 

Jo J-cT 

rt fcT 

> 5(1 - Q c ) / e 5(< - T W / G(t- T ,x- 

Jo J-cT 

For any e E (0,1), consider (t,x) satisfying 

e 2 c 2 T 

(6.15) \x\ < (1 - e)cT, 0<t<^—. 

For such (t,x) and any r G (0,i), we have 

cT ± x ecT ecT r— ecyT r— 
6.16 > . > — = = VT- — -=- > VT> 1. 

2 v / t^7 - 2^t^ ~ 2y/t 2y/i ~ 

So for (t, x) satisfying (|6.15p we have 

cT / foo r—cT r°°\ 

G(t-T,x-Z)dZ=( -/ -/ )G(t-T,x-Z)dt = l-I 

-cT \J-oo J-oo JcT J 

where 

.._ 

A : = 



2v^ _ r 2 1 / _ r 2 

e ar, lo := — ^= / e ar. 



lyjt — T 

Using the elementary inequality 

f'OO f'OG 

/ e~ r2 dr < / re~ r ' 2 dr = e~ y ' 2 for all y > 1, 
(cT ± x) > ecT, and ()6.16|) . we deduce 

1 (ecT) 2 

Ji, I 2 < — e 8 C— ) . 

But (|6.16[) also infers 



7T 



(£Cr)2 > T/2. 



Thus 



and 



8(t-r) 



V7T 



ecT 

-T/2 



f G(t-r,x-0de>l-4= 

J-cT 
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Similarly, 



cT 



G(t - t, x - £ - 2cT)d£ 



cT 



< 



1 

i 
i 



cT 



-cT 
oo 



1 



1 



,.2 



( 3 ;-g-2cT)' i 
(a:-C-2cT) 2 

e 4 < i — ) 



cT 

e ' dr < — =e~ 

2v^ 



Consequently, for (i,x) satisfying (|6.15p . we have 

¥(t, x) > 5(1 - Q c ) jT* e 5 (*--) - ^e~ T / 2 ^) dr = (1 - Q c ) 
This implies that, for such (t, x), 



T/2 



-T/2 



7T 



(e 5 '-l). 



^(i,x) > 1 =e~ T/2 - e 



-St 



Taking t = ^j-T we obtain 



e 2 c 2 



T, x > 1 



e -T/2 _ e - e 2 c 2 5T/4_ 



We only focus on small e > such that e c 6 < 2, so 



e 2 c 2 



for |x| < (1 — e)cT and T > T<i- 

By (I6.13p . for such T and x, we have 



T, x) > 1 - M e~ e2c2sT/A with M 



+ 1 



u 



(LJLt + T,x) >l-M,e-^ 5T l\ 



Finally, if we rewrite 



then 



e 2 c 2 



T + T, 



2 2\ — 1 



Thus 



u(t, x) > 1 - M e" 
l 



-St 



2 2 \ ~ 1 

for |x| < (1 - e) ( 1 + ^— ] ci. / > 7;< 



where 6 := ^f- ( 1 + 



5 and T3 := ^-T2 + T2. Since this is true for any c E (0, c*) close 



to c* , and any small e > 0, the above estimate implies the conclusion in (ii). 

(hi) Consider the equation 77' (t) = f(rj) with initial value 77(0) = ||«o||l°° + 1- Then 77 is an 
upper solution of (jl.ip . So u(t,x) < r](t) for all t > 0. Since f(u) < for u > 1, r/(i) is a 
decreasing function converging to 1 as i — > 00. Hence there exists T4 > such that r/(t) < 1 +p 
for t > T4. Now, for t > T4, 77' (t) = f(rj) < 5(1 — 77), and so 

t(t,z) < r/(t) < 1 + pe' 5{t ~ T4) for #(rj) < x < t > T 4 . 



This completes the proof. 



□ 
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Y. DU AND B. LOU 



Proof of Theorem 11.91 Assume that spreading happens. Then for any given small e > 0, we 
can apply Lemma 16.51 to obtain some T\ > large such that for t >Ti, 

(6.17) [g(t), h(t)] D [-(c* - e)t, (c* - e)t] and \u(t, x) - 1| < Me"*' for |x| < (c* - e)t. 

We now make use of the perturbation method introduced in the previous subsection. For 
small E\ > 0, we modify / to obtain f £l and (c* , q* ) as described there. Since c* — )• c* as 
El — > 0, we can choose e± > small enough such that c* £l < c* + e. 

By Lemma 16.51 we see that for some large T 2 > 0, u(t,x) < 1 + £i/2 for t > T 2 . We then 
choose M' > large enough such that 

-c £l T 2 -M' <g(T 2 ), c* £l T 2 + M' > h(T 2 ), 

and 

1 + e x /2 < q* £l (c* £l T 2 + M'-x) for x G [<?(T 2 ), fc(T 2 )]. 
Therefore if we define 

:= c* ei t + M', w(t,x) := q* £l (k(t) - x), 
then (w,g, k) is an upper solution of (II. ID for £ > T 2 , and we can use Lemma l2,2l to deduce that 

h(t) < c* £l t + Af < (c* + e)< + M' for i > T 2 . 
We can similarly show that 

g(t) > -(c* + e)t - M' fort>T 2 . 
These estimates and (|6,17p clearly imply 

lim — = lim — - — = c*. 
This completes the proof of Theorem 11.91 □ 
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